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In this book are reproduced the six public lectures which I 
delivered at the Calcutta University in 1925. The Append|^s A and 
B are intended to add to the usefalness of the book' as an introduction 
to the theory of elliptic functions and higher transcendentals, and it is 
earnestly hoped that the publication of this book may popularise the 
study of elliptic functions among advanced students of Higher Matbe* 
matics. 

I take this opportunity to express my gratitude to my colleague, 
Dr. Bibhutibhusan Datta, who read all the proof-sheets and whose 
ungrudging help has considerably improved the printing of the book. 


Calcutta, 
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FIBST LECTTTBE 


Elliptic Integrals. 

Colleagues, students and other gentlemen ! 

It is a source of great pleasure to me to find in this hall such a 
large gathering of brilliant mathematical scholars. I hope and trust 
that my lectures will inspire some of them with enthusiasm for the 
subject of Elliptic Functions about which, borrowing the words of one 
of the greatest living leaders of mathematical thought, I may say : 
“Not even a century has yet elapsed since the elliptic functions were 
first introduced in Mathematics. From that time on the theory has 
increased to such an extent that now-a-days scarcely any other field of 
Mathematics can offer such an abundance of formal results and such a 
wealth of applications to different branches of the exact sciences. 
Moreover, the prophetic divination of Euler has become a reality, the 
discovery of this theory has essentially extended the bounds of mathe- 
matical analysis. New fields have been opened for mathematical 
thought and the number of fundamental ideas with which Mathematics 
operates has been vastly increased. A careful analysis of these funda- 
mental ideas has formed the point of departure of a great number of 
investigations, the results of which form the peaks of our present day 
knowledge in Mathematics.” 

1. What we call an elliptic function may be briefly defined as the 
inverse function of an indefinite integral of the form 

r 

w)dx 

o 

where to is VA b* -I-Bjj® d-Dx + E, A and Bare not both zero, 
and R(.», w) is any rational algebraic funotio 4 of x and w. The integral 
is now called an elliptic integral, although in the writings of Legendre 
it is designated “ elliptic function.” 
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2. The early history of elliptic integrals may be said to date from 
1656 when Wallis considered the qaestion of finding the length of an 
arc of an ellipse. The example of Wallis was followed by a number of 
distinguished mathematicians, including Jacob Bernoulli, Johann Ber- 
noulli and Count Fagnano, who were led to elliptic integrals in connec- 
tion with the rectification of various curves. Fagnano (1682-1766) 
began his investigation in 1714 and his earliest published paper of the 
year 1715 contains a remarkably simple solution of the problem of the 
halving of the quadrant of a lemniscate which I proceed to give to you 
on account of its historicaLimportance. Fagnano was justly proud of 
his solution and left instructions that on his grave a lemniscate should 
be shown inscribed in recognition of his achievement, 

Solution of Fagnano: 

Let ( c* -f-y*)® — y*) be the curve and let 0 be the origin 

and A be the other point in which the quadrant cuts the axis of x. 

The problem is to find a point; T such that 
arc OT=arc AT. 


Let — = ^ = Vt—f. 

a a 


Then, if S corresponds to ^=w, 

/ t sm 


dt 




Patting we have 


I*” dt dv yr 

J —J ~ J 

o 1-m ' ' 0 


1 -m 
+ m 


Therefore, if M corresponds to ^ = 
we have 


1— w 


1 + 

arc OS=arc OA— arc OM=aro AM. 


If m= 


1-m 


1+w 

then M and S coincide, and we get the required point T, 
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3. The results of Fagnano’s researches were collected and published 
by him in 1750 in his book entitled “ Produzioni Matematiche.” The 
early history of elliptic integrals ends with 1750, If I were 
asked to give the subsequent history of elliptic integrals and allied 
transcend entals in six words, I could do no better than mention the 
names of L. Euler (1707-1783), A.M. Legendre (1752-1833), N. H. Abel 
(1802-1829), 0. a. J. Jacobi (1804-1851). Riemann (1826-1866) and 
K. T. W. Weierstrass (1815-1897). 

4. Fagnano sent a copy of his book to the Royal Academy of 
Sciences of Berlin which forwarded it to Euler on the 23rd December, 
1751, for consideration and report. Jacobi called that day the birth day 
of elliptic functions. As early as 1698, Johann Bernoulli had noticed 
that 


fCx)dx±f(y)dy=i0 


had as an integral an algebraic relation between a;, y even if 


was a logarithm or an inverse trigonometric function, and he had for- 
mulated the question whether that property might hold for other 
transcendentals than the logarithm and the inverse trigonometric 
functions. Fagnano was the first to prove that that property was 
found in at least certain classes of elliptic integrals. For example, 
Fagnano showed that the equation 


d« ■ dy ^ 

'^a + bx* +e.i>* ^a+by'+cy* 


was satisfied by an algebraic relation between r. and y. The study of 
Fagnano’s book encouraged Euler to study the subject of elliptic inte- 
grals and, on the 27th Jan., 1752, he came out with his first paper on 


the subject, which is on the 


integral 


and relates to Fagnano’s 


investigations on the lemnisoate. Next year he gave the general inte- 
gral of the difEerential equation 


dc 
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(see Nova Comm. Fetropolitana, Vol. 6) in the form 

yVl—c* +c ^1— y* 

1 + C*J^* ’ 

c being a constant, and was thus led to the addition theorem for 
the integral j 

Tf f* r _ r 

J a:* J v'l— y* J a/i— 2;4 ’ 

then z is an algebraic symmetric function, of a? and y, namely. 


^yVl—x^ +xVl—y^ 

^ — "~r+5v * 

5, In the year 1767, Euler published the complete integral of the 
general equation 

d.c dy 

VX"* VY 

where X=Ai;* + Baj* + 0a5*+Ilaj+B and y=Ay^+By® + 0'y* + Dy + B. 

The following method is a modification by Euler of the elegant proce- 
dure given by Lagrange in 1768 {Misc, Taurinensiay Vol, 4). 

Take x and y to be functions of a variable ty then the above equation 
is equivalent to 

(it dt 


Put xAryr=zpf x--y^q ; then 

dt dt dt 


^=a/X + VY, 

dt 


d^p X' dx_ Y' dy 
dP 2VX’dt 2VY*dt 


(the dash denoting differentiation) 
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Now ^.g=X-r=(«-y) [D+C(*+y)+B(»» + *y+3,*) 

+ A(ii!+y)(a!*+y*)]. 

Therefore {.t—y) ^ ^=(*— !/)*[iB+ A(j;+y)] 






z.e., 


i.e., 


^.e., 


-- g ^2^=B+2Ap 
q*dt* di dt 


2d 

qdt \ q 


i.( i^pV-r# I ^p*) 

dt \ qdt J dt dt 

( + Ajp * + constant (say F) 

3 

^ =B(aj+y) + A(^+y)* + F. 

\ a;— y / 


6. I propose to proceed to apply the above complete integral to 
determine the addition theorem for the function ^(w), given by 


S oo 


ds 




«=^(w) 


Consider 


V'4«>-sr,«-sr, y. 


Put A=0, B=4, C=0, D = --gr,, B = — in the complete integral 
of the preceding article. Therefore the complete integral of the above 

equation is 
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■z:z^dut for s being put ^ (u) ; 


and similarly ■ -• =— dU, for«i being put ^ (U); 


we have U+w=a constant, say a. 
Thus ^(a— w)=«,, 




Therefore 


^*^v/ !--£.» -Jj- 

4 «® 4 fi® 




=1/^ ^(w)+ lower powers of 
Therefore when w=0, ^(tt) = oo. 


Hence ^(w) 


and 


Therefore, writing (1) in the form 

8’(«)-9t«(«)-fl'3+4«’(a-«)-5r,«(a-tt)— sr, 

-4{«(w) +«(a-M)} {(«* ( u) +%'{a—u)-2^(u)%(a-u) } 

- 2 «'(u)«'(a-«)] 


4{«(«)+«So— 2gf,— «) 
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7 


4 Cj . f , 9[j_ ■)_ 2gr. _ 2^'(u)1&'(a 

^ (. «(«; J ' 4«(m) J ««(«) 

f , ^ ' a—w) ') * 

v~ -WT) 

and taking the limit for w=0, we have 

F=4^(a). 

Therefore 

Put a=w + v, then we have the addition theorem 


-u) 


- = F ; 


7. Euler obtained the complete integral of the equation 

md B ndy 

and showed that it was expressible as an algebraic function of Xj y and 
an arbitrary constant. Thus Euler gave the fundamental ideas con- 
cerning the addition and multiplication of elliptic integrals of the first 
kind. 

8. I propose now to introduce to you the transformation theory. 
One method of solving the equation 

dx dy 

7X=±VY 


is to assume beforehand an algebraic relation between x and y and 
determine the coefilcients in that relation so that the above equation 
may be satisfied. It is easy to see that a linear relation, leaving the 
trivial case of x=y, is impossible. Euler assumed the next relation in 
order of simplicity and put 


(ax* +2hx+c)y* ’{‘2(a^x * +2b'x+c')y+a'*x* H-26"u3-l-c^=0 
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and determined all the constants with the exception of one, which would 
be arbitrary, in order that the equation 


djt 


dy 


:7x + 7r=® 


might be satisfied. This form of the complete integral was used by him 
to deduce the addition theorem : 


If 


r ^ 


y«)(l-ftV) 


■s 


dz 




then the upper limit z is connected with x and y by the algebraic rela- 
tion 


l-AVi’y" 

9. Before mentioning the general transformation problem of 
Jacobi, 1 wish to give, on account of their historical importance, the 
transformations of Gauss and Landen. Acccording to Gauss, 

dy 


when J! = g,=p-v'p*-g' ’ 


according to Landen and Lagrange {Phil. Trans. 1771), the transforma- 
tion 


35 = 2 / 





changes 


dy 


into 
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where (p+j). ?,= 


10 . 


Calling y 


ao+a^a>+ag>g* + 

6o+^i* + ^i®* + 


H- dm ^ * 


a transformation of the order, Jacobi showed that, by suitably 

choosing the constant coe$cienta, the transformation changes 

d}[ 

''A,+B,y + P,jj*+D,^*+E,y« 


into 


Jl ^ 

^ -‘'A+Bj!+C.c*+D»*+Eie* 


where M is a constant. It follows that two transformations of orders 
m and are equivalent to a single transformation of order mm and 
that all transformations admit of being made up out of the trans- 
formation of the 2nd order and those transformations which correspond 
to prime numbers. Whilst Jacobi restricted himself to the consideration 
of a special type of relation between y and a?, Abel’s transformation 
theory dealt with the solution of the more general case where a and y 
are connected by any algebraic relation, rational or irrational. 

If 


X r ^ 


then the relation * between k and I is called a modular equation 
and the relation between 1V( and h is called a multipUcator equation. 


* The traasformation problem for linear t'ansformations was first solved by 
Abel {CvtlWs Joumaly Vols. 8 and 4) who gave all the six solatfons which are 

(1) Z* +fc, +a>, ^*±1- 


(2) ^-+^-1 V’ 


— » M 




(^) )‘ 2«=±.-(i-v. r. 

2 
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Denoting Vk by w and VI hj v, the modular equations! for the 
transformations of the 3rd, 5th, 7th and 11th orders are respectively 

t;* + 2t>*w* — =0, 

— 56w®w® +70w*v* — 56w*t;* +28w*v*— 8wv+w® =0, 

and 

32M®)+44t;'®w® +22t?®w(l+4w®)+165v®w* 

+ 132M’«^+44w®v®(l-w®)--l32w®u“~165y^?^®-22w»t;®(4+w®) 

— 4^v®w® — wt;(32— 22w® )— ^ =0. 

The multiplicator equation for the transformation of the 5th order is 

(Z-1)®-4(Z--1;«4-256A;®(1-A;*)(^-1)+256/c»(1-A;*;=0, 

Z standing for^ 

11. When Legendre took up in 1786 the consideration of the 
theory of elliptic functions, Euler’s addition theorem and the trans- 
formation theorem of Landen and Lagrange were the two fundamental 
ideas which the theory then contained. After working for nearly 
forty years, Legendre collected his results in his famous book 
“ Traite des fonctions elliptiques et des intdgrales euldriennes ” (Paris, 
2 Vols. and three supplements, 1825-1828^. Writing of Legendre’s 
achievement, in 1852, Dirichlet said, “ It is the unforgettable distinc- 
tion of Legendre to have recognised in the discoveries of Fagnano, 
Euler, Landen, and Lagrange the seed of an important branch of 
Analysis and to have built up on these foundations by the work of 
half a lifetime an independent theory which comprehends all integrals 
in which no other irrationality occurs than a square root and in which 
the variable does not go beyond the fourth power.” 


/ \* l+V-k l±gv^~fe 

(6) I+a/^TF /■ 9=± 1- 

(6) 9“± i + VLT'lf^ * )*• 
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12 . Legendre first reduces the general elliptic integral to the 
two forms 

^ I dx 

(A +B.(+Gji*) V/UT ’ 3''^+^ vyli/ 

f {jt) being the general polynomial of the fourth degree ; then he gets 
rid of the odd powers of x from f {x) first by the use of the substitution 

V ia;— 

•<^11 ■*‘s5 '^4. being the four roots of /(a;)= 0 , 

and secondly by the linear substitution 

Next he puts 


and then changes 


into the form 


leaving aside a constant multiplier. The final result of Legendre is, 
that the most general elliptic integral must reduce to one of the three 
canonical forms : 


1 + 2 / 


' * ^ +Bt sin*<^ 
^ Cj+D^ sin^<j!» 


//(*) 


d4 


a/I— c* sin*<^’ 


r 


=====-, f c* sin®<^ 

-c" sin-d*’ J ^ 


VI 


r 


1 

(i+» sin*<^) 


d4> 

a/I — c* sin*<j5»^ 


These are called by him the normal integrals of the first, second and 
third kinds and are denoted respectively by F(c, <^), E(o, </>) and 
II(w, c, <l>). Legendre submitted each of the three kinds of integrals 
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to a careful investigation and discovered many of its most important 
properties. According to Dirichlet, it was only on account of iiis re- 
markable perseverance that Legendre made repeated efforts and over- 
came diffLculties which in the then state of Analysis were almost 
insurmountable. 

18. An elliptic integral which reduces to an integral of rational 
functions is called a ^eudo-elU^iic integral and the question of the 
conditions under which such a reduction takes place is of interest. 
This question was considered by Abel {Orelle*s Journal^ Vol. 1) with 
reference to integrals of the form 

where / and R are polynomials in x and he proved that there exist par- 
ticular linear functions x — a for which 

/ { x-^a)d x 

is a pseudo-elliptic integral if the continued fraction for VR(x) is 
periodic and the period shows symmetry.* 

Degenerate forms of the elliptic integral 


f dj 


are obtained when two of the quantities a, y, 8 are equal ; the integral 
becoming equal in that case to inverse circular or hyperbolic functions. 


* Examples, 


/ Sar+a 

yR 


dx^'iog 


a* + oa 8 + •\/*R 
a;* +ax-~ v'R 


R ~ + axy + ex. 


/ 4a! + aj +aa;4 6+ -/R ^ +o®~b+ VR 

+ 035 — 6— yR * 


(ic® +oa! + 6)*— 4«6as, 


where 
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The old theory of Elliptic Functions 

13. The old theory of elliptic functions was built up chiefly by 
to labours of Abel and Jacobi and may be easily distinguished from 
he modern theory by the absence of the general ideas, based on the 
h^ry of functions of a complex variable, which we owe to Liouville, 
liemann, Weierstrass and Mittag-Leffler and which are closely inter- 
rOven in the fabric of the modern theory. But the old theory was 
n absolute departure from Legendre’s ideas and contained as its 
omer stones the study of the inverse function of the elliptic integral 
md the discovery of the double periodicity ofi that function. Both 
ihese fundamental points were taken up by the rivals, Abel and 
Tacobi, independently of each other, 

14. Abel’s work on the subject dates back to 1823. In a letter, 
vhich he wrote to his friend Holmboe on the 3rd August, 1823, Abel 
expressed the opinion that the right way to study the elliptic integral 
vas to consider the inverse function. His researches on elliptic 
unctions appeared mostly in the first five volumes of OrelWs Journal 
)eginning with 1826, and some in Astronomische Nachrichten, The 
Host important results were published by Abel in his memoirs 
* Recherches sur les fonctions elliptiques’^ ( OrelWs Journal, Vols. 2 
ind 3, 1827 and 1828) and “Prdcis d’une thdorie dee fonctions ellipti- 
jues” {Orelle^s Journal, Vol, 4, 1829). According to Koenigsberger, 
Abel was in possession of the principle of double periodicity as early 
IS 1825. 

15. Jacobi’s first paper on the subject of elliptic functions dealt 
with the transformation problem and appeared in Sept., 1827 in the 
Astronomisohe Nachrichten with the title “ Bxtraits de deux lettres de 
M, Jacobi de I’Universit^ de Konigsburg a I’editeur.” 

The second paper appeared in the same journal in December, 1827 
and contained the symbols which became current later on, viz., am 
sin am a?, cos am A am m where 



0 


0 
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In 1829, soon after the death of Abel, Jacobi published his famous 
book, “ Fundamenta Nova Theoriae Functionum Ellipticarum,” which 
contains in a very terse form the majority of the most essential results 
of the theory of elliptic functions as known to Jacobi. Jacobi’s subse- 
quent researches on the subject appeared in Crelle's Journal and were 
intended to form a second part of the “ Fundamental’ Jacobi left in 
his lectures a new foundation of the theory of elliptic functions, based 
on his theta-functions. 

16, Although Abel’s resBarches did not receive in his life-time 
that appreciation which they deserved, in the very brief period of his 
existence he did work which would continue to receive the careful 
attention of mathematicians for centuries. According to Professor 
Mittag-Leffler, Weiers trass was a great admirer of Abel’s work and 
found much inspiration from it in his investigations on elliptic and 
Abelian functions. As regards Jacobi, Dirichlet wrote as follows : 
“Jacobi’s scientific career covered exactly a quarter of a century and 
therefore a much shorter period than the careers of most of the earlier 
mathematicians of the first rank, it was scarcely half the length of 
the time over which Euler’s activities had stretched, although, with 
Euler, Jacobi had a great resemblance, not only because of his versati- 
lity and productivity but also because he had at every moment at his 
finger’s ends all the mathematical resources.” 

17. After this historical introduction, I propose to give you first 
the elements of the theory. As 

d4> 

b 0 

we have ^=am w, — = am (— «). 

Thus am (— w) = — am (tt)» 
and, consequently, 

sin am (— w) = ■— sin am (w), 
cos am(— = cos am (u), 

A am ( — w) = A am (u ) ; 

also it follows that sin am (0)=:0, cos am (O)-], A am ( 0)=1. 
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Further 


i.e,f 


du 


Hence 


^1— A;*sin*<^ * 

d am u 
du 

d sin am u 


du 

d cos am u 
du 


= VI— A;*sin*am(M) = A am u, 
=^cos am A am 


= — sin am u. A am m, 


— =— A;® sin amti. cos am u. 
du 

Using the above results, we have the differential equation for 
sin am u : — 

+y{(l+*:*)-2fe‘y*}=0, 

wheie y=sin am w. 

18. In 1838, Gudermann, a pupil of Jacobi, introduced the symbols 
sn, cn, and dn for sin am, cos am and A am. In what follows, I will use 
the symbols of Gudermann. But before proceeding to give you the 
addition-theorems for snw, cnw and dnw, I will explain a few ways of 
geometrically representing these functions. 

(a) Take a circle of radius R and centre C, and take a point O 
inside it at a distance 8 from C. Through 0 draw a chord POQ and 
mark on it a point p such that 


0|)=2 



a constant. 


Also let AB be the diameter of the circle through 0. 
Then, denoting 

ar^a^P 


where po is the intersection of the locus of p with the diameter through 
O, and the Z POA by 2<^, we have 


^=:am 


OP 

E+S 


=:dnu. 


and A:= 


2VR8 

R+8 


(6) Draw the elastic curve with the line of tension as the aj-axis. 
Then its equation is pp=c^, where p is the radius of curvature at (a?, y) 
and c ie a constant. 



IS 


THBObX of wt.t.tp tto FUNOTIOMS 


rimOarly 

™.(.+K)=-*' ^ ..d d.(.+K)=|^ 


Vatandingfor a/ 1— fc* . 

Also 8i.(«+K+K):=-£^^ = -sn«. 

and, consequently, sn(M+4K)=sn u. 

4 

Thus it is proved that 4K is a period of sn u ; similarly iT> can be 
proved that 4K and 2K are respectively periods of on u and dn «. 


(6) Let K' stand for 


becomes 


f ^ 

1 a/I—I/* si 

0 

\ *^1— /f'*sin*<^ 


Now, since 


%/C 


dijf 


a/1 — A:* sin* ^ 


on putting sin tan we have 




snUtt, A:)=: 


^ Bn(u, k') 
cn(t4, A') * 


cn(lu, h)=s 


1 

cn(v. A;') * 


dnJtM, A;)= 


dn(ti, A/ ) 
cn(w, U) * 


and, consequently, 
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Therefore » ^ =0, 

8n(t K', k) % sn^K^ V) 


cii(tKVA!) 


= 0 , 


^ -0 

dii(iK', ^ ^ 

Also sn (2i K', A;)=0, cn(2iK', A;)=~l, dn(2t K', ife) = ~l. 
Therefore, applying the addition theorem, we have 
sn (M+2i K')=snw, 
on (m+ 2*K')=— on u, 
dn (M+2i KO^—dn u. 

Thus 2%K! is a period of sn u and Ad K' is a period of both cn u and 
dn u. Also 2K+2tK' is a period of cn w. 

Therefore the following formulae hold, m and n being any integers : 
sn (tt+4mK+2nf K')=:sn ti, 
on (w+4mK+2n K+»K')=cn m, 
dn (t*+2wK+4!niK^=dn u, 

22. The three functions become infinite at every point of the form 

«=2wiK+ (2n.+l)V!K^ ; 
the zeros of sn, cn and dn are respectively ' 

2wK+2m’K', (2m+l)K+2«iK? and (2tii+ l.)K+(2wf+I)iK'. 

23. 1 proceed now to express sn in terms of the E -function which I 
introduced to you in my first lecture. We have 
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{8n'(«)}* =(1— sn**»)(l— A*8n*M) 




Now pnt sn*w=^ 




where a and P are two constants to be determined. 
Remembering that ^(sn*w) s=2sn u om u dn u, 

we have 2 sn«^ cntt dnw= — 7 - ; ^ 

u/ 

®®“ dntt {18^-^ — fi}*> 


=4{« ( 1 ) -p-Jc^a*} 

putting t; for; — , we have 

OL 

‘’{«'(v)}*=4{tS(«) — jS— a*}{«(v)— fc*o»}{«(v)— ^}. 
Denote the zeros of the right side by so that 

j8 + a»=ej, P+lH^fat^tse^, 

ThefPi aib^e 1; «i > »e* > «»♦ 

e.nd ©3, Je^ 

Now impose the conditions : 

Cl atiO^ 

«!«• +e»«*+e»«x = — 

tben 5=:411 ^(v) — 
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Thus 8n‘( -/e, -e,.«) , 

and, conversely, 

24. A large number of expressions for the elliptic functions were 
obtained by Abel and Jacobi in infinite series and infinite products. 
The following are a few of the most important of these expressions given 
by Jacobi. 

L ^ 

2 Kx 1 n (l- 2 gf‘* cos 

\P>) sn 7/77 * 00 ' » 

^ n cob2x+^^-*) 


2Kx /If ? (l+2g**cos 2x+q^*) 


V 


^ n (1—25*"“* cos 2i; + gf**“*) 

n = l 


QD 

SK.. n (1+23**-* cos2^+3*-‘) 

dn— = - - 1 

"■ n (l-2g**-* cos 24!+3*-*) 


where q stands for e“*^ 

(h) Denoting 

00 (1—2^**^ cos 2a? + g**~*) 

*s=l 

where '®(0) is a constant, and 


by 


2 ?^ sin X n (1-23* • COS 2x’^q^*y 

n-l 

00 

n »)• 


by 


Jaeobi expressed the elliptic functions sn cn, dn in terms of 0 and H 
thus:— 

1 Hin) 

®“ Vk ’ 
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25. In addition to the above two series vbicb are generally denoted 

by ${ 7 b ) and Jaeobi introduced two more theta-functions, 

^,(aj)sr 25 ^ cosaj+2g^ cos 3aj+*** 

and 

cos 2jr-|-2g* cos4;u4*.** 

The lectures of Jacobi on elliptic functions based on the theta-func- 
tions were written out by Borchardt in 1838 and mark not only a great 
progress in the theory of elliptic functions but also prepare the way for 
the development of the theory of Abelian functions in particular and 
multiply-periodic functions in general. 

26. Although the Jacobian elliptic functions sn, cn, dn are being, or 
have been, discarded in favour of the Weierstrassian ^-function, the 
theta-functions still hold the field. According to Poincar^, the simpli- 
city of the development of these series, the rapidity of their conver- 
gence, the elegance of their properties assure to them a place of impor- 
tance and from this^ place they cannot be dislodged. For the numerical 
calculation of the various other elliptic functions, the theta-functions 
are very useful. 
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The MpDEjtN Theory of Elliptic Functions 

27. For a clear tinderstanding of to-day’s lecture and the next 
, lecture, the following definitions will be useful : — 

(1) Iff ( 2 + 20 )=/ ( 2 ), then / ( 2 ) is called a periodic function and 
212 is a period of f {z)» 

(2) If all the periods of a function can be represented as positive 
or negative integral multiples of one and the same period 2a>, then 
the function is called simply periodic^ and 2 cd is called the primitive 
period. 

(3) If a periodic function is not simply periodic and is not a cons- 
tant, then it can be shown that it is possible to find two periods 
2a), 2a>', in an infinite number of ways, such that all the remaining 
periods can be expressed in terms of these by expressions of the form 
2ma>+2na)', tit and n being integral ; in this case the function is said to 
hei douhly periodic and each system of two periods 2o), 2a)' having the 
aforesaid property is called a primitive pair of periods, 

(4) If 2 0 be any point, then by a period-parallelogram of a function, 

which has a primitive pair of periods 2a), 2<a\ is understood the 
parallelogram of which the vertices nre Zfy-h2(i>+2io* and 

2 o+ 2 a)'; the totality of points given by 2 = 2 o-f 2^a)-b2fV, where 
0<<<1, 0<i'<l, constitute the points of the parallelogram. This 
parallelogram is called the period-parallelogram z^. 

(5) A doubly-periodic function which has no essential singularity 
is called an elliptic function. 

(6) By the order of an elliptic function is understood the numbez^ 
of the poles of the function inside a period-parallelogram, each 
pole being taken as many times as its multiplicity for this calcula- 
tion*' 

28. Thd modem theory of elliptic functions may be most easily ex^ 
pounded by starting from the following fundamental theorems of which 
the first was given by Jacobi in 1834 {Crelle's Journal, Vol. 13) and the 
rest by Liouville in 1847 (see GrelWs Journal, Vol. 88). 

(I) The ratio of the periods in any primitive pair of periods ^ of a 
doubly-periodic function is necessarily non-reaL 

(II) An elliptic function which has no pole must be a constant*; 
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(III) The sum of the residues of an elliptic function with respect to 
the poles, situated in a period-parallelogram, is zero. 

(IV) An elliptic function of order 1 is impossible. 

(V) An elliptic function of order n must have exactly n zeros in 
each period-parallelogram. 

(VI) In each period*parallelogram, the sum of the values of z for 
which an elliptic function f {z) is infinite is equal to, or differs by a 
period from, the sum of the values of z for which / (a) is zero. 

(VII) If two elliptic functions / («), ^ ( 2 ), having the same periods, 
have, in any period-paralellogram, the same poles, and further* if iu the 
neighbourhood of each of these poles the infinite parts of their deveh^ 
ments are the same, then / ( 25 )— <#> ( 2 ) must be a constant. 

(VIII) If two elliptic functions / ( 2 ), ( 2 ), having the same periods, 

have in any period-parallelogram the same zeros and the same poles 


f (z) 

(with the same multiplicities), then must be a constant. 

(IX) Between any two elliptic functions / ( 2 ), ^ ( 2 ), having the same 
periods, there exists an algebraic relation 


G{/(2),« (2)}=.0, 

with constant 00 -efficients. 

(X) Between any elliptic function / ( 2 ) and its differential co-effi- 
cient /(«), there exists an algebraic relation with constant oo-effioients. 

(XI) Every doubly-periodio function can be expressed rationally in 
terms of a function of the second order, doubly-periodic with the same 
periods, and its differential co-efficients. 

^ 29, After the introduction of elliptic functions in Mathematics by 
Abel and Jacobi, Liouville’s discovery of his theorems in the attempt to 
build up a complete theory of doubly-periodic functions starting from 
Jacobi's theorem (quoted above), was, according to Professor Mittag- 
Leffier, the first contribution of fundamental importance to the theory 
of elliptic functions. Liouville’s first communication on the subject 
was made in 1844 (see Gomptes RenduSj Vol. 19, p. 1261) but he never pub- 
lished a detailed account of his discovery except in the shape of a lecture 
which he delivered in 1847 before Borchardt and Joachimsthal and which 
Wa6 published by Borchardt in 1879 in OrelWs Jomnaly Vol. 88. On 
aocount of the historical importance of Liouville’s theorems, I proceed 
to give the proofs of son^ of them : — 

'Pradf of Theorem III, 

Take a period -parallelogram ABOD as indicated in the adjoined 

figure^: 
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m 


D 


0 



Now by Cauchy’s theorem 


is 


^ C/w* 

ABCD 

equal to the sum of the residues of / (z) inside ABGD. 


But 


( 0 ) dz= |/ (z) dz+ J/ (z) dz+ |/(«) J/ M dz. 


ABC!»‘- AB BO CD DA 

Now any point z in AB has corresponding to it a point in 

CD such that / ( 2 ?)=/ ( 2 ?+ 2 <»>') ; therefore 


(*) («I dg =0, 


the two integrals being taken in the same sense; 
Similarly 

\f (*) dz+ \f (*) 4i*=0, 


j/ (*) <&+ j/ 


Therefore the sum of the residues is zero. 

Hence also Theorem IV follows, for there cannot be a single pole of 
multiplicity unity. 

Pre^ e/ Theorem F, 

By a well-known theorem in the theory of functions of a complex 
variable, 

G 4 

where/ is. a. function having only non-essential singularities within 
0, (z) lf)4S m- siiigalarity within C^ a«4 the u’s and 6*s are respectively 

4 
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the zeros and poles of f ( 0 ) within C. Now apply this theorem to the 
case ^ ( 0 )=! and the elliptic function / ( 0 ), Then is itself an 


elliptic function. Hence by theorem HI 


■1 


Hz) 


d 0 s=O, 0 being a period- 


parallelogram. Therefore, in C, the number of the zeros of / ( 0 ) is equal 
to the number of the poles of f(zY 
Proof of Theorem FJ. 

In the general theorem quoted above, put then taking 

C as a period-parallelogram, it can be easily^shown that the parts of 
the integral due to AB and CD together give 


2(1) 

f fU) 

8»i J /(«) 

b 


dz=i2m^io' 


where is an integer. Similarly the parts corresponding to BO 
and DA give 2m Thus the theorem is proved. 


Proofs of Theorems VII and VIII, 

In Theorem VII, since /( 0 )—<ji( 0 ) has no pole, by Theorem (II) it 
must be a constant. 


Similarly in Theorem VIII, 


•^—jhaving no pole must be a constant. 


30. Let us construct the simplest elliptic function with a given 
primitive pair of periods 2<i), 2<tf'. In each period-parallelogram this 
function must have a single pole of multiplicity 2, and let one of the 
poles be 0=0. Then consider the double series : 


(A) 


1 +5' r— -i 1 1 

z* m,n L { 0 — (2wo»+2na)';}* (2wco-f 27ta)')* J’ 


where S' indicates that the summation extends to all integral values 
of w, n with the exception of the combination 0, 0. Now, at the outset, 
it is important to note that the double series is absolutely convergent, 

. For, 

1 I 

{ 0 — (2«i«+2n<i)';}* (2mo)+2n(i>')*n 


4wa)-b4n<7 ) 
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which for numerically large values of m and n behaves as 

2z 

(2ma)+2w«')* ^ 

since by Jacobi’s theorem 2^0) 4'2nci>' has an ever-increasing modulus 
for numerically large values of m and n. Also it is a well-known result 
that the double series 

1 

2 ' $ 

(ma+nh) 

converges absolutely wJoien ^>2, a and h being any complex quantitidi 
having a non-real ratio to each other. Thus, as in the present case 
P is 3, the double series is absolutely convergent ; let its sum be 
denoted by/( 0 ). 

Now 



m and having cjl possible integral values. Therefore it is obvious 
that f(z+2n))^f(z), because the series iovf{z) will contain the same 
terms when 2 + 2 ( 1 ) is put for 2 :, the order of the terms being different, 
and the series being absolutely convergent, change in the order of the 
terms will leave the sum unaltered. Therefore, integrating, f{z+2<o) 
equals /(»)-!- a constant. But /(a;) is even, since the series for f(z) and 
/(— «) are both absolutely convergent and contain the same terms 
arranged in different oiders; and therefore /(«>)=/(—'«). Hence 
the constant is zero and /(« + 2ci))=/(z). Similarly f[z + 2ia') 
equals /(«), Thus f(z) is an elliptic function with the given primitive 
pair of periods and a single pole of multiplicity 2 in each period- 
parallelogram. 

No other elliptic function differing from /(a?) by other than a 
constant and still having the aforesaid properties, can exist. For, if 
possible, let another elliptic function be 

^(*)= 

z z 

in the neighbourhood of 2 = 0 , where P( 2 f) is a power series <mntaining 
positive powers of z. Then by Liouvilie’s second theorem th^ residue 
0 must be zero. Therefore, applying Theorem VII, we have /(«)^^(*) 
=constant. We will denote /(«) by B(») when the constant term is 
absent from ?(*). 
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31. The above ftmction was discovered by Weierstrass and is, as 
shown in the preceding article, the simplest elliptic function. It can 
be expanded in powers of z in the following manner^, — 

In the series (A), 


1 

\z — + 2n<o' j } • (2m(o+2n(a')* 


^ r ^ , 

(2mo»+2n<«)')’‘ \ (27Wft)+2»(i)') (2ma)+2no)')* 

, . (yd-l)z*' , \ I 

(2m<uH-2W)'^ ’* J (2wci>4-2W)® 

Therefore 

+ 5 G,+* •(*•+1)*', 


-p,. Now, it is clear that will be 


where G, stande for 

zero when r is odd because m and n take all positive and negative 
integral values with the exception of the combination 0^0. Thus 
is 0 unless r is even. Therefore 

1 2 n —2 

(B) +<?2«*+<58Z®+ ...+Cjj z +... 

where c = (2n--1)S' 

( 2 Tncii+ 2 »a)') 

From (B) we have 

— 5" d* 4)0 j 2* H" ,,♦#«» 

Hence 

— I 6 C 5 + positive powers of z; 


also 


{^( 0 )}*=— +M^. +3o,+ positive powers of ^ 



TfiE MODBBN THEORY OF ELLIPTIC FUNCTIONS 


2d 


Therefore -f 20ca^{2-)=:— 28C3 + positive 

powers of 

Thus the elliptic function equals the finite quantity —2808 at 
0=0, but it cannot be infinite at any point other than 0=0 in the period* 
parallelogram with 0=0 as a vertex. Therefore <#>(0) is finite every- 
where in the period-parallelogram and must consequently be a constant. 
Therefore for every value of 0, <^{0)=— 2805. Thus, denoting 20 c^ by 
and 28 c 8 by ^3, we have the differential equation for ^(0) : 

(C) 

32 . From ( 0 ), we deduce a recurrence formula for the co-efficients 
Ca» Cj, etc^ in the following manner : — 

Differentiating (C), we have 

2 ^'^"=12 

using in the above the expansion (B) for we have 


^ -1-2.1.C, +4.3, C80* + ... (2n— 2) (2n- 


2 n -4 

- 3 )Cn 0 +.. 


= — lOcg+fi 




00 

+ 2c„ 


.2n-2 


I 


= — lOc, +6 



.2n -4 


+ SCrC. 
r ft 



r and s having each all the values 2, 3 , 4 , to 00. Therefore, equating 

. 2n— 4 

the co-efficients of 0 , we have 

{(2n-2)(2n-3)-12} =6Sc,c., n=4, 5, 6, 

r-l-5 = N 

The above can be put in the form 

(D) (n- 3 ) ( 2 n+ 1 )Cj, =3 [ c , c „_2 + c , 0 n _3 +...+ Ci ,«2 c ,], 


Calculating the c’s with the help of (D) we get 


C4 




C3C8, 03 



2 

^3 


c,*+C3* 


] 
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Thus the c’s can be expressed as rational integral functions of 
and ^^3 in the form 


c„=S«a,m<7V, 

where the o*s are numerical constants and fx take all integral values 
subject to the condition 2X + 3/i=N. 

33. A function ^ (z) is said to possess an algebraic addition theo^ 
rem, if between (zj +z,), (z^) and (z,) an algebraic relation 

exists with co-efficients independent of and z,. The exponential and 
circular functions possess such addition-theorems. I proceed to in- 
vestigate such a theorem for % (z). 

Consider the function ^ (z) (z) — a ^ where a and h are 

constants to be determined so that ^ (z^) and (z*) vanish. Thus, 
denoting % (z^) and ^ (z,) by pj and p, respectively, we have 

( 1 ) ap^ + b=pi’, 

(2) apt+b=p,' i 

i.e., , 6=-£iV=£^£i' . 

jpi-p. p,-r* 

Now ^ (z) is an elliptic function which has a triple pole at «s=0 and 
has no other pole in the period-parallelogram Zq. Therefore^ by 
Liouville’s Theorem (V), ^ (z) has three zeros in the above parallelo- 
gram and by Liouville’s Theorem (VI) the sum of the zeros of <t> (z) in 
the above parallelogram is zero. Therefore, as z^, z, are known to be 
two of the zeros, the other zero must be — Therefore, deno- 
ting ^ ^7 i’s noting that is an odd function, we have 

(3) ap3+6=-p',. 

Thus the equation 

taken with (1)» (2) and (3), shows that the algebraic equation 
4 p3=(at+6)* 

is satisfied by pi =at^ (zj, p,*=^ («•)» 
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Therefore 


(4) Pi+Pt+P»=^- 

Hence we have the addition-theorem 

(E) , ]■ 

Another form of the addition theorem can be obtained by eliminating 
a and b between the equations 




£-* 

4 


P . P . P .=^+'4 . 


and is 


(pi+pi+p«) (4j>rp.p»— s'»)=(pip«+ptp»+p.pi+^)*- 



FOURTH LECTURE. 

The Modern Theory of Elliptic Functions — {continued^, 

34. Just as ^{z) is the simplest elliptic function, the simplest 
function of z, which (1) has the character of an integral function for 
all finite values of and (2) has for its zeros s=0 and all values of z, of 
the form 2m<o+2no}\ is, according to Weierstras8*s factor theorem, 
defined by the infinite product 



where stands for 2ma) + 2wo)' and in II' all integral values of m, w, 
are to be taken with the exception of the combination 0, 0. It is also 

understood that the real part of ^ is a quantity greater than zero. 

This function is Weierstrass’s ar^f unction. It can be easily proved 

that 


,r(0) = l, (0)=0, o'" (0)-=0. (0)=0, <r» (0) = -^J, <r» (0)=0, 


Thus 


crU0) = ~6sre. 


<r{z)==z^ 


9t . s , 9 n 

240 840 




From the infinite product it is clear that cr(z) is an odd function. 
Expressed in terms of <r ( 2 ), 


« (*) = -■ = 


tT*(z) 


The function — 
dz 


{log cr ( 2 )} is called the ^-funotion^ 


The expanded form of { is 



1 




+ 


1 


+ 




) 
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It sfaottldb be noted that neLther or (z) nor ( ( 2 ) iaa periodio fiinction. 
In fact 


<r^i!!+0,„ )=«o'(a>x e ’ ^ ^ 

where +ni;a, c— + 1 or —1 according as -JUm, » i* a period 

or not, 

’Zi=£0 + 2a))— ^( 2 ), 1/^8 = « + 2u)')— 4^0) > 

2.e., V% ~2|: (o)'). 

35. Although o* and ^ are not periodic functions, each can be used 
to express any elliptic function, and the* following theorems, (F), (Q*) 
hold. 

(F) Every elliptic function f{z) admits of being expressed in the 
form 

f(z) ^ Cor(g>--6J<r(g— 5 a)«*»<y(g~^r) 
cr(«— ai)cr{^— a,>...<r(2r— a>> 


where C is a constant, the b’s form a complete system oi the zeroa^ and 
the a’s form a complete system of the poles, of the funetion asidi 
they are so chosen that 

6i+5, + ... + 6r=<*i +<*2 + ...+ar ; 

thus if the zeros P and the poles a of / (.’) are assigned beforehand, we 
have to find points o, b homologous with a and P so that, although 

§a— 2^=:a period, 

Sa-25=0. 


E.ramples. 


rn M)o~Cg— «*'7o-(»— «*> 

where — 


«U.)_ (,>*(»,> • 
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(G) Every elliptic function /(s) admits of being expressed in 
terms of ^ and its differential coefficients in the form 


/(z)=C+5 ] Ai(*- a) + AT(z-a)+A"r(*-a) 

a t 

+ ... + A<*~*> (z-a)}' 


where the summation extends over the different poles (in a period- 
parallelogram) of the function ; the constants A, A\ etc., correspond to 
the fractional part 


.A _ . 2 ! A" _ 

a (a— a)* *** («— aj* 


of the function in the neighbourhood of a, and 0 is a constant. 

36. I proceed how to consider the expression of any elliptic func- 
tion / (a) by means of the ^-function and its differential coefficient. 

First j suppose that f (a) is an even function. Let those of its zeros 
which are not periods be 

± 6 1 + period, ± + period, . . . 

and let /Xj, /aa> ©to., be the respective orders of multiplicity. Also let 
+ ai+period, +®a +P®™^v..he those of the poles which are not 
periods, and let the respective orders of multiplicity be Aj, etc. 
Then f (a) must be equal to 

... ’ 

where C is a constant. For, denoting the above expression by 0(a), we 
have /(a)/0(a), an elliptic function which, outside the periods, admits of 
neither a zero nor a pole. But a period cannot be both a zero and a pole. 
Therefore /(a)/0^2f) lacks zeros or poles, and it must, therefore, be a 
constant. By giving a particular value to a, one can choose 0 so that 
the aforesaid constant is unity. 
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Secondly y let f{z) be not necessarily even. Then : 


en, and even; and, consequently, each is 

pressible in terms of the ^-function as in (H). Therefore 


lere R and Rj are both rational functions. 

it should be noted that, as i 8 (N 2 ) is an even function, it is expressible 
a rational function of i 8 («), N being any integer. 


4^3 Fa 

37. The expression for ^(Na) in terms of ^{z) can be most easily 
tained as follows : — 

The poles of are the origin and the (N® — 1 ) points and 

having all possible integral values from 0 to N— 1, the combination 
3 being excluded. If, therefore, we put z=:h or + where h is 
ry small, 

«(N*)=«(NA)=^pP+c.N*ft> + ... 


it, using the above, the theorem (G) gives 

«(N«)=- +oonst. 

i,e. + +0 ... (1) 

msider the neighbourhood of the origin ; then the above gives 




c=-s«( 
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lotegratiog (1) we have 

N«Na)=«*)+2j(*-^*)-0^+C', ... 3) 

whence, consideriqg the joeighbourhood of the origin, we have 

G'=s{(^y 

Now change z into *+2<i) in (^, then hy the result given at the end of 
Art 34, 

NC(N*) + N«,,=f(4+^.+5K(^- 

— C5(i8?+2(t))+0 

^)+N«,,-0(*+2«)+C'. 


Therefore, expanding both the sides in powers of z and equating 
the coefficients of 0 must be zero, ^^e., 2^^ ^=0. 

Thus N*e(N«)=«(*) + S«(^j— ... (I) 

38. Applying the addition theorem, the above becomes 


N‘«(N*)=«tO+2[| 


•< 

\ N / 

) 

«(*)-«( 

. N ) 

1 

J 


=0 and as obviously the odd part in the above must be 
absent, the above becomes 
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M {«'(«)}*+ !«'(-%-)! 1 

'NW2;)=1S(*)4-S fi -y— Vn^ 


Now it is easily seen that 


X I «(*)-« ( I +2«'* ( 5^) 

d 

«’W+«W« (^) +®’ ( %^ )= [«(«)+2«( %^") I 

X I «(«)-«( +3«* (%^) • 


Therefore (1) becomes 


^ ( N ) 4®^* 2 1 ^'(%“) I 

N>e(N0=«W + 2 TTT-V- +S > - -- . 

«(,)_« (^) J «(.)-« 

The multiplication theorems for ^ and o- functions are respectively 
NC(N^);=C(.) + g((!0-?^*) -N(N-l),, 


<T (N«)=Nff(z) II 


where 173 ^ 8* coiiErt»nt. 




-N(N-l),,e , 


E». S (3^)=:«(*) + {-2«»+|i,,«*+109r,«»+ I 







38 


THEORY OF ELLIPTIC PltNOTIONS 


39. Abel’s problem of comple <* multiplication with reference to the 
^-function may be thus enunciated,^ What particular conditions must 
be satisfied by the function and the number m in order that ^{mz) may 
be expressible as a rational function of ^( 2 ) ? I proceed to answer the 
above question. 

If 2 ( 0 , 2(o' be a primitive pair of periods of then, accord- 

ing to a well-known theorem, 


m m 


2^/ 2c(J^^ 2d(o' 

m m 


a, c and d being all 


integers. Thus 

m<o=a<o-f 6 a)', m(o’=c<o-h(Z(o' ... ( 1 } 

which equations are satisfied if 5=0, o=0, a=d, m being integral. If m 
is not integral, then eliminating m between the equations (1) we have 

5(o'*-f(a— d) <o'<o — c (o*=: 0 . 

Thus if m is not integral the necessary conditions for the represent- 
ability of ^(ms) as a rational function of ^ (z) are (1) that the ratio 

~ must be a root of a quadratic equation with integral coefficients and 


‘ In his memoir, “ Reoherches sur lea fonctions elliptiquos ” {CrelWs Journal^ 
Vols. 2 and 3 , 1827, 1828 ), Abel introduced the notion of the complex multiplication of 

m 

elliptic functions. Denoting the integral J — 4 - by 8 and the lemniscate func- 

o 

tion by ( 8 ), Abel gave the first example {Oeuvres^ t. 1 , p. 354)) of complex 
multiplication, viz.t 


(2 + i) 8 } = wi 




He worked out for the sn* function the cases of the multiplicators V'—S, v'-r-S 
(Oeuvres^ t. 1, pp. 377-382). The subject of complex multiplication was developed 
subsequently, chiefly by Kroneoker (see Monatsherichte der Akademie der Wissens- 
chaften zu Berlin, for 1867 and 1862), Hermite (Oeuvres, t. 2), H. Weber (Lehrhuch 
der Algebra, Bd. 3, 1908) and R. Pueter (Forlesunyen uebev die singuldren Moduln 
und die Komplexe Multiplikation der elUptischen Funktionen, 1924). 

Among English writers on the subject may be mentioned Cayley, Greonhill and 
Bussell, who published a number of papers in the Proceedings of the London 
Mathemcdical Society, Series 1. 
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having imaginary roots, and (2) that 771 must be of the form a+br, 
where t is that root of the aforesaid equation which has its imaginary 
part positive, a and b being integers. It can be proved without difficulty 
that, if it is known that the condition (1) is satisfied, an infinite num- 
ber of complex multiplicators m can be found which must be of the 
form 


^+1.7! VD or “ ^ 

2 

where D=AO — B®, the known equation for t being 

At® + 2BT-f* 0=0, 
and sc, y, y' are integers. 

Ex. Let T* -1-1=0, then D=1 and m=y-|- 2 ^‘ ; X and y being any 
integers. For instance ^{iz) = ~ 

Ex. Let 2t*+2t+2=0; then D=3 and ■m= 

2 

being any integers. For instance =( 0 ^( 2 :), w being a cube root of 
unity. 

40, The proof of the statement made in the end of the above article 
is as follows ; — 

As the roots are imaginary, AC — B*sD is positive. Therefore, 
without any loss of generality, we may assume that A, C are positive 
and that .A , B, C are prime to one another. 

First, let A, 2B, C have for their greatest common measure unity. 

Now, for complex multiplication, it is necessary that 

AT®+2Br-|-C=0 

should be equivalent to 

tr* + (a— d)T— c=0. 

. Therefore we must have 

6=A,r, (a— d)=2B.r, c= — 0*. 

Let 2y denote a+d, then we have 

a=y + B», 6=Aaj, c^=i— Gic, d=y-~B.r. 
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Also the determinant nmad—bc=:y^ +'D»* ; and 

— B+tVI> 

r= j 


m=a+6T=y+»aj VD. 

Since A, 2B, C are prime to one another ; in order that a, c, d 
may be integers, -c and y most be also integers* 

Secondly^ let A, 2B, O have for their greatest common measure 2. 
Then x and y may be halves of integers .o', y\ 

Thus 


a _ 

yt% ^ 

Also the determinant ad--~hc =:-^ — ^ ; and 

4 

— 

In this case, A and C are even, B is odd and Dis of the form 4N— 1, 
N being an integer, 

41. Let <8 (z) and %(z) be two elliptic functions, the periods of 
which are connected by the relations 

<Oj =au)j + 6 < 03 , Cdg =Co), +da)g. 

where ad-“fec=w. 

Their invariants J and J are connected by a modular equation 
F, (J, J)=0, 

and the different values of J furnished by this equation correspond to the 
different ways of determining a, 6, e, d under the condition that ad— he 
should be w. 

If J is to be equal to J, then it is necessary and sufficient that we 
should have 
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whence 


o>i = -L 

w 






m 


m denoting a constant. We hare, therefore, 

TTi Q)^=a <Uj +&<»>*» wiccj =cci)j +d«f, ; 

and the function % {z) admits of complex multiplication. 

The equation 

(J, J)s=0 

resolves into rational factors, giving respectively the invariants J which 
correspond to the two types of complex multiplication, viz,. 

(1) those in which 

n=.c* + Dy*, 

a;, y being integers prime to each other ; 

(2) those in which 

a?', y' being odd.and prime to each other. 

42. We know that (Ng):s: 

where H and Rj are both rational integral functions. 

Thus, putting z for N^, we have 



where y stands for i8(«) and x for • It is obvious that the 

roots of the above algebraic equation in x are all given by 

( 1 ) ±£^. ). 

m and n being given all integral values, positive and negative. 

6 
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(a) If N is odd) all tlie possible values which (1) can take are 
obtained from 




m and n taking all the integral values from - 
ing the extreme values. All these values of 






are different and they are N* in number. 

(6) If N|is even, all the possible values of (1) are obtained from 




jq- 2 N 

m and'w being given all the integral values from — — ^ — to-j> , both 
the extreme values being included. These values of 




are all different and are N® in number. 

Thus the equation R(aj)=rO has N® different roots. They 

are all simple roots. For, otherwise, if x were a multiple root, 
then R\(a!)y— R'(ic)=0. Thus RR\ — RjR'sO, 




independently of z. 


Hence ^5 — will be independent of x and consequently y will be a 

XVj 

constant, independent of which is not the case. 

43. Let — 2D stand for the operator 

then the following partial differential equations hold : — 

= ... ( 1 ) 

... (2J 

D{ioj<r(r'l} = -K*(*)+i«(*)~i[*iy,2*. ... (3; 
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The last equation gives 

- 12 ,.^- |,..-|^+ Ai ,...,(.)=0 ( K ) 

The above equation was used by Weierstrass to obtain the coeffici- 
ents in the expansion of cr(z) in powers of z. 

If we put 

-AM-I-A M4- 1 

<rW= S a.,. ag,ri2g,)\ 


(m, n=0, 1, 2 oo) 

then the following recurrence formula is obtained from (K) for the 
calculation of the a’s : 

— ^(2w-f-3n — l)(4w-h6«— 


To the coefficient a^, ,o the value 1 is to be attributed, and to any 
coefficient of which one of the two subscripts is negative the value 0 is 
to be given. Weierstrass obtained the expansion of or up to the 36th 
power of z. 

44. I will conclude my exposition of the modern theory by proving 
the proposition that every elliptic function <l>{z) has an algebraic 
addition-theorem and by stating the converse of the proposition. 

Proof ; 

It has been shown in Art. 36 that every elliptic function is expres- 
sible rationally in terms of ^ and Therefore 

«'(«,+Z.)}. ... (1) 

Putting for brevity 

we have, according to the addition-theorem (E), 

^(^1 Pi > Pz* P* ) ••• (^) 

where denotes a rational function with coefficients independent of 

and 
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Differentiating (2) with respect to we have 

p„ p,'), (3) 

Oi?i opi 

where for ^''( 2 ^ 1 ) is substituted and R* is a rational func- 

tion with coefficients independent of and z^. 

Substituting the expression (2) and (3) in (^1), we have 

<#>(*i+2j)=k,,(p,. P,,P,', pV)- ••• W 

If we combine this equation with the four equations 

<^(si)=Rfp„ p^’), </.(a,)=R(p„ p,'), 

5,,, p,"=4p,»-gt,p,-5r„ 

and eliminate the four quantities Pi^ Pi\ p^^ p^t^ we obtain an algebraic 
equation of the form 

in which the coefficients are independent of Zi and z^. 

The converse of the above proposition is the following : Every 
function for which there exists an algebraic addition-theorem must be 
an elliptic function or a limiting case of one, that limiting case being 
the rational, the trigonometric or the exponential function respectively, 
according as both w and <a' are infinite, cu' is infinite, or o) is infinite. 
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Applications op Elliptic Functions 

45, One of the earliest applications of elliptic functions was 
found in the exact solution of the problem of the simple pendulum. 
Starting with the well-known equation of motion 

l^=-g sine, 

we have as its first integral 

'/cos cos a, 

dt » 1/ 


which becomes 


<' Vf)' 




/sj 1— sin* ^ sin* c * 


where x is given by 


.a 

Bin^ = 8in~ sin x, 

a a 


Thus 




S * it. 

fsj 1— sin»~sin* x 


which, according to the definition of the sn-funotion, leads to 
sin a:=sn^ i fsj 2 , 


where k stands for sin ^ . 


Therefore 8in-| =s sn ^ ^ ^ f ’ ^ 
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and half the period, T, is given in terms of 2 K by 
T ^f-=2K, 

T s=2K /»/— , 

9 

K standing for 



46. The solution of the problem of the spherical pendulum neces- 
sitates the use of the elliptic functions. This fact was known to 
Lagrange and the first treatment of the problem with the help of 
elliptic functions was given by Richelot in Orelle^s Journal in 1852. 

Taking the axis of z vertically upwards, we have, from the well- 
known two integrals of the equation of motion, giving respectively the 
area-theorem and the energy-theorem, 

By Descartes* Rule of signs, it is clear that the right-hand side when 
equated to zero gives real roots; in fact two of them, and 
satisfy the inequality 

Measuring t from the moment when z has the minimum value 2 ^, 
we have 

•= > 

where Wj is the imaginary, and co.^ the real, period of the ^-function. The 
maximum is attained when The angle tan’^^Le^ can be ex- 

pressed in terms of Weierstrass’s cTi - function by the equation. 




^ being measured from its position when ^=0 and are two con* 

stants. 
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47. The motion of a rigid body under no forces was discussed by 
Legendre in his “ Traite des fonctions elliptiques,” Vol. I, with the 
use of elliptic integrals. The equations of motion of Euler are 

A^=(B-C)3n 

Bj=(C-A)p-. 

C J=(A-B)y3, 

where A, B, C, are the principal moments of inertia and p, g, r, are the 
angular velocities with reference to the principal axes fixed in the body. 
The equations have obviously 

Ap^+Bq^+Cr^=T)fi\ 

AV+B*g*+C»r®=DV* 

as two integrals, D and p being constants. Eliminating g and r between 
the first equation of Euler and the above two integrals, we have 

where a and 0 are constants connected with A,B, C, D, p, Thus p is an 
elliptic function of t ; similarly g and r are elliptic functions of t. 
In fact 


p constant x cn(A^), 
g=: constant X 8n(Xf), 
r= constant X dn(X^), 


where A as well as the modulus is expressible easily in terms of 
A, B, 0, D, fjL, 

48. Elliptic functions occur in the solution of a number of famous 
problems of conformal representation ; of these some may be enumerated 
here : — (a) The inside of the circle in the «-plane with «=0 as its centre 
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and radius unity is conformally representated on the outside of a 
square in the «-plane by the formula 


W=: 


S' 


VI + 8 ^ 
8 ^ 


ds, 


1 


and thereby is solved the problem of the determination of the station 
ary state of heat, of the inside plane bounded by the square, with pres- 
cribed boundary conditions. 


{b) The inside of an ellipse in the w-plane with the foci and 

vertices ^<=4:a+^6 is conformally represented on the inside of a circle 

in the ^-plane with the centre ^=0 and radius by the formula, 





if the modulus k is determined by the equations 



k= 



(1 + 9)(1+?*).. 


(c) By means of elliptic integrals of the third kind, which contain 
the elliptic co-ordinates of a point on the ellipsoid, the surface of an 
ellipsoid of three unequal axes can be conformally represented on a plane 
so that one half of the ellipsoidal surface, separated by the ellipse going 
through its four circular points, corresponds to the inside of a rectangle 
the vertices of which correspond to the four circular points. 

49. Some problems in electrostatics have been easily solved with the 
help of elliptic functions. For example, taking to be the potential 
and ij/ the stream function, 

w + iy 

sn ^ 

gives the electrical distribution over a pile of parallel strips of width, 
the distance oetween the consecutive strips being irS, alternate 
sti ips being at the same potential. The potential of one set of plates is 
K, that of the other is — K, 
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Similarly we can deal with the case of a system of 2n plates arrailg* 
ed radially and making equal angles with each other, the alternate 
plates being at the same potential, and the extremities of the plates 
lying on two co-axial right circular cylinders. 

50. The problem of the conduction of heat in a solid ellipsoid of 
three unequal axes a, 6, c can be elegantly treated with the help of 
elliptic functions. Let X, /a, v be the parameters of the three confocal 
conicoids through any point (.r, 2 /, 2 ;). Also, denote by res. 

pectively. 


lj[6»+c«-2o’'), i<c*+a*-25*), ho*+5»-2c*), 

o o 3 

and introduce the co-ordinates w, v, w so that 

«(w) = -X+ L(a‘+6*+c*), 

< 

C «(v)=_^+^(o»+6*+c*), 

«(«,)=-«+ l(a*+5»+c‘), 

Then the operator V * is equivalent to 

\ 81 .+, 1 

— 0M* — «(«))} 0l>» 

+ 1 ^ 

«(«)}{«(«»;— «(»)} 9w* 

Therefore the equation of the stationary state of heat is 

+ {« (to) -«(«)} + {«(„) _«(«) } -0 

and has for a solution. 

V=F(w) F v) F(w) 

where F(s) satisfies the equation of Lame, • 


7 


={A«W+B}F, 
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A and B being constants. 

Similarly the equation of the non-stationary state of heat, viz.^ 

rray, 1 8V 

has for a solution V=F(m) F(r) 

where A is any negative arbitrary constant and F(5) satisBes the 
differential equation 

|^={A(«»)*+B««+0}F, 


B and C being constants. 

51. I proceed now to explain some applications of elliptic functions 
to Pure Mathematics, taking up first the theory of equations of the 
fifth degree, discussing it at some length and contenting myself later 
with brief expositions of the applications to curves of the third and 
higher degrees. I will conclude with a treatment of the problem of 
the polygon of Ponoelet. 

As is well-known, Abel proved in 1826 that the roots of an equation 
of the fi f th degree cannot in general be derived from its co-efiScients by 
using radicals alone. But in the year 1858 both Hermite and Kronec- 
ker found the solution of the general quintic by the use of elliptic func- 
tions. I propose to state clearly what Hermite did, leaving aside the 
treatment of K ronecker for want of time. 

(t) The general equation of the fifth degree can be reduced to the 
form 

a;®— A=0, 

by a substitution of which the co-eflSoients are determined by the use of 
no other irrationalities than square and cube roots. This result is due 
to the Swedish mathematician, Bring, who gave it in 1786. Now, 
just as the general cubic, reduced to the form 

JB® — 3^5+ 2a=0, 

can be solved by representing the co-efficient a aa sin -a, the roots being 


2* a o • a+27r » • a-l-47r 

the equation »®— a!--A=0 ‘can be solved by expressing A in terms of 
elliptic functions* 
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{ii) If k be the modulus of the elliptic integral 


I djR 

1 


and I the modulus of the integral 


mj, 


dy 


which results from a transformation of the nth order 


CLQ-¥axX-^a^x*+ . . . .+a,a;* 

^ bo + 2 >x*+ • • • • + 

A X 

where n is an odd prime ; then u=^k* and v^l* are connected by an 
equation of the (n + l)th degree called the modular equation. For n=5, 
the equation is, as stated in the first lecture, 

+ — 1;*) + 4 Mt>(l — u^v*') =0. 


If u be expressed in terms of <7 s e e,g,y as follows : 


V 2 qi 


,2m* +m 


^9 


[=<f> (w)]> 


(m= — 00.,, + 00) 


we obtain the (n + 1) values of v, which satisfy the modular equation, 
on inserting, in the place of in the above foimula, in order 

qa, qsn, aqan^ a q8», 

where a=e Thus, knowing n, we can obtain q and thereby the values 
of V, 

{Hi) If and u=:<l>{(a)j then the six roots of the equation in 

V are 




o)+4,16 \ 
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Now construct the equation whose roots are 

<&(«)), *(o>+16),4>(«+2.16), 4>(o>+ 3.16), $(a)+4.16), 
where 0((d) stands for 

Then the equation will bo 

y^—2*, (1— w8)3y— 2® -v/5«. w®(l~w»)»(l+«^®)=0. 

Comparing this with the Bring form of the general quintic, 

we have, on putting 

y=2 a/ 5®. w. a/I — w® ic, 

2 1+u^ , 

y5® ■ w»(l— 
which is a biquadratic in k. 

(tv) To conclude, from A we obtain h and therefore q and w. Thus 
y is obtained in terms of and finally m ; the five values of x are 

*(") *(<«+16) 

'i'2‘.5» ’ v'2*.5»‘ ^(u))^‘(o)) ’ 

1 *(o)+2.16) 1 $(a>+3.16) 

• 'v'a*.5» ■ ’ V2*.5» ■ ' 

1 ^(<a+4.16) 

v'2*.5’ ^(<o)^*(<o) 

In the above ^ (u))=:(fe')^ , &’• f being equal to 1. 


52. The comparison of different expressions of one and the same 
transcendental by means of theta-series has given many theorems 
about the representation of integers by quadratic forms. For example, 
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Jaoabi proved Fermat’s theorem, that every integer admits of being 
expressed as the sum of four squares. If the integei' be 4w+l 
where n is an odd integer, then Jacobi proved that the number 
of different ways of expressing it as the sum of four squares is exactly 
equal to the sum of the factors of n. 

53. The homogeneous co-ordinates a? 3 , a ? 3 of any curve of the 
nt^ degree and of deficiency unity admit of being expressed in terms 
of (r-products in the foimi 


: n o-(m— a, 


n 

n cr{«- 
& = 1 


fc==l 


of equal sums = terms of the 

^-{unction as in 


Ra;3=c,+Ci,o «(w)+Ci,i 

where R is a proportionality-factor, the c’s are constants and ^ takes 
the values 1, 2, 8. 

In particular, if we take the triangle of reference to have a point of 
inflexion as one of its vertices and the opposite side as the harmonic 
polar of that vertex, then by suitably choosing the other two sides, we 
get the equation of the cubic in the forms 


k*J!^) 


and to the first equation corresponds the parametric representation 
Rj;j=sn®w, RjCa =sn w, R^a =sn u dn u and to the second the represen- 
tation 


R^i=l, R.i;a=18(w), R (.ra)=^'(20- 

The use of elliptic functions helps greatly the study of the cubic 
curve, as has been shewn by many investigators including Halphen 
and Harnack. 

If oj-l-it/sssn (w+^w), then the curves 


w= const, v= const, 
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form a system of bicircular quartics (see Sielvek’s paper in OrelWs 
Journal, Vols. 54 and 59) ; similarly the relation 

a;+zy=^(w+ftj) 

gives a system of Cartesian ovals (see Greenhill’s paper in Proc. L.M,8., 
Vol. 17, 1st series). 

54. An interesting geometrical application of elliptic functions is 
to the problem of the polygon of Poncelet, viz., the problem of the 
determination, if possible, of a polygon which is at the same time 
inscribed in a conic and circumscribed to another conic. Poncelet 
showed that if, for two given conics and a given number as the number 
of the sides of the polygon, one polygon exists then there exists 
an infinite number. For the case when the conics are circles the 
problem was solved by Jacobi by means of the function am in 1828. 
(See Crelle*s Journal, Vol. 3). The general case has been treated by 
Wirtinger and Loria. 

55. I proceed to give Jacobi’s solution on account of its historical 
importance : — 

(a) Let the two given circles have centres C, c and radii R, r, 
respectively, the circle c being inside the circle 0. Also let a denote 
the distance Oc. Then if, from any point A on the circle C, a tangent 
is drawn to the circle c it will cut the circle C again in A' ; in the 
same manner the tangent drawn from A' will cut the circle C again in 
A", etc. Thus A A' A" A'"... will be a part of a polygon, or an unclosed 
polygon, which is inscribed in C and circumscribed round c. 

Join c and C and let c C cut the circle C again in P. Then, denoting 
Z AGP by 2<f>, L A'CP by L A"CP by etc., we have 

R cos (<#>'—<#>)+» cos (<^’+c;(>)=r, 

R cos + a cos (<^"+</»')=r, 

Rcos + « cos W'+^")=r, 


Hence 

(R + u) cos <j!>' cos <#» + (R— a) sin 0' sin </»=:r, 
(R+a) cos cos <^'+(R— a) sin sin 

(R+a) cos cos <^"+(K— a) sin sin 
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Subtracting each of these equations from the following, we have 

cos <^"-C 08 4 , 

sin sin ^ K+a 


cos cos </>' __ R— a ^ 

sin sin “ R+a 


Now, from the addition theorems for the functions, sn, cn, it is 
easily seen that the above equations are satisfied, if 

<^=am(w), <^'=am(w+0» </>''=am(w + 2^),..., 

R— a 


where 


R + u 

the modulus k being given by 

4Ra 


=dn tf 


A:»=. 


(R + a)a-r» ‘ 

(6) If the polygon of n sides covers the circumference i times 
before becoming closed so that 


^=</»4-2z7r, 


then 




4zK 


... ( 1 ) 


where K, as usual denotes 


f 


dif/ 

sin® ’ 


This equation is the necessary condition which must hold between 
R, r, a in order that a polygon of 71 sides may be inscribed in the circle 
0 and circumscribed round the circle c. 


56. The condition, in order that a polygon of n sides may be 
inscribed in a conic S and be circumscribed round another conic S', is 
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easily expressible* as follows in terms of the roots of the 

equation obtained by equating the discriminant of + S' to 0 ; — 

(t) If the roots be all positive and in descending order of magnitude, 
then the condition is 


(> =ii- on* , mod. a/ — |s . |i, 

" (i~e» f. 

(tt) If one of the roots be negative, say fg, and fj, < then for 
an even n the condition is 

on* ^ =i,dnoM , mod. a/ f*~f^ ■ fi; 

if w is odd, then the condition fails. 

{jiii) If the roots of the discriminating cubic are proportional to 


1, , r , 

then the required condition is 


2dn 


4K 


1 + cn 


4K 


mod. cos ^ tan~' 


r sin $ 
1+r cos 0 * 


* See the paper of Rogers in Proo. L. M. S., Series 1, Vol. 16, 



SIXTH LECTUBE 


Abelian Integrals and Abelian Functions. 


57. I propose to introduce you in this lecture to certain entities 
more transcendental than the elliptic integrals and elliptic functions. 
These higher transcendentals, as 1 may call them, came into existence 
in 1825* when Abel succeeded in generalizing Euler’s addition-theorem, 

where is a polynomial of the 4th degree in 


If 




dit 


.t5, then can be always determined as an algebraic function of 
and rr, so that 


* The pfeneralization of Euler's theorem was Riven by Abel in his paper **Snr la 
comparison des fonctions transoendantes" which, although written in 1826, appeared 
after his death. The hyperelliptio case was published in CrelWs Journal^ Vol. 3, in 
the paper ‘‘Bemarquea sur quelques propriet^s g4n4rales d’une sorte de fonctions 
transcendantes” in 1828. The complete investigation of Abel on this subject is given 
in the memoir, *‘Sar une proprieco g^nerale d’une classe tr^s etendue de fonctions 
transcendantes”, which, although presented to the Academy of Sciences of Paris in 
1826, was published by it in its memoirs as late as 1841. Although the importance of 
Abel’s generalization was recognized by the mathematical world some years after 
Abel found it, Abel himself was fully conscious of the importance, as the following 
remarks from his memoir show . **The transcendental functions considered by 
mathematicians up to now have been very few in number. The theory of transcen* 
dental functions reduces almost to the theory of circular, logarithmic and exponential 
functions which are at the base ail one. It is only in the last few years that other 
functions have began to bo considered. Among them, the elliptic transcendentals, 
whose remarkable and elegant properties have been developed by M. Legendre, 
occupy the first rank. The author has considered, in the memoir which ho has 
the honour to present to the Academy, a very extensive class of functions, viz. all 
those of which the derivative can bo expressed by means of algebraic equations of 
which all the co-efiicients are rational functions of one and the same variable, and he 
has found for those functions properties analogous to those of logarithmic and elliptic 
functions”. An appreciation of Abel’s generalization for the ' hyperelliptio case was 
published by Jacobi in his paper, ”Oonsiderationes generales de transcendentibns 
Abelienis”, in Crelle's Journal^ Vol. 9, Legendre called the theorem of Abel ‘*monu- 
mentum aere perennius.” Euler, Lagrange and other previous writers had failed to 
generalize Euler's theorem. 

8 
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For example, if <&(.«) denote 


r 


(A + Aja?) 

— ■^^^~==:dry where is a poly» 


nomial of the fifth or sixth degree and the A*s are constants, then, 
according to Abel’s generalization, it is always possible to find two quan- 
tities and y, as algebraic functions of oj^, xf, a*,, so that 

And, generally, if 0(aj) denote 


/■ 


(*A.q "J“A,a;+Aja5* + .»» + A, 




t 


where («) is a polynomial of the 2mth or (2M—l)th degree, it is 
always possible to find (m — 1) quantities y^, ya,...y«_i as algebraic 
functions of the m given quantities so that 

The quantities y are the roots of an algebraic equation of the 
(m—l)th degree, in which each co-efficient is rationally expressible in 
terms of 

58, The generalization of Euler’s theorem is called AheVs theorem 
and may be enunciated as follows 

Let y be the algebraic function of x given by an equation of the form 
2/" +a,y*”* -l-ajy*-* + ... -fa„=0, 

where Uj, 0 ,,..., a, are polynomials in r, and the left side of the 
equation is incapable of resolution into factors of the same rational 
form ; also let R ( »’, y) be any rational function of x and y. Then the 
sum of any number of similar integrals 


R(aj,y)dr + jn(j,y)dx+ .„+JU(j',y)dr^ 


with arbitrary lower limits, is expressible by rational functions of 
(•^u y 1)1 •*•('’»» ym)» ^nd logarithms of such rational functions, with the 
addition of the sum of a certain number, n, of integrals 




ABELIA^f INtfiGRALS AND ABBtIA^^ FDNOTIONS 


59 


wherein are values of determinable from •••««,♦ Vm 8*8 the 

roots of an algebraic equation whose co-efficients are rational functions 
of and are the corresponding values of y, of 

which any one, say is determinable as a rational function of zt and 

59. The integrals, considered in the preceding article are called 
Abelian integrals ; the special cases of these which we considered in Art. 
57 are called Jiyperelli'ptic integrals. 

Abelian integrals are of three kinds. If R(.i;, y) has only the 
branch-points as poles then the integral can always remain finite and 
we have the integral of the^r^^ kind. If R (a*, y) has the point (.r^, y^,) 
as a pole of higher order than the first, whose residue is zero, then 
the integral becomes infinite in y^) as an algebraic function and is 
called an Abelian integral of the second kind. Finally, if R has a point 
(•'Po> ^^ 0 ^ a pole of the first order, then the integral becomes infinite in 
this point as the logarithm of an algebraic function and is called an 
integral of the third kind. 

Hyperelliptic integrals ara also of three kinds. The hyperelliptic 
integral 


r dx 

J 

is said to be of the first kind if it does not become infinite at any point ; 
of the second kind if it becomes infinite only as an algebraic function ; 
and of the third kind if it becomes infinite only as a logarithm. 

A hyperelliptic integral is said to be of the {m—\)th order if the 
degree of {x) is the (2m— l)th or 2mth. 

60. (1) With every Abelian integral are associated at least an even 
number, (say 2p) of constants, called the periodicity-moduli of the in- 
tegral ; they possess the property that the difference of any two values 
which the integral can have is equal to the sum of integral multiples of 
its moduli. 

(2) The integrals of the first two kinds have only the aforesaid 2p 
moduli ; those of the third kind have in addition others which depend 
on the points of logarithmic infinities, z.e., if one goes round one of these 
points then the value of the integral increases by 2iri multiplied by an 
integral multiple of the residue corresponding to the point. 

(3) The sum of the residues of every integral of the third kind is 


zero. 
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(4) Every Abelian integral admits of being formed by a linear 
combination of integrals of the three kinds. 

(5) There exist p Abelian integrals of the first kind which are 
linearly independent of one another, if the Riemann’s surface used is 
irresolvable and of the genus p. 

(6) If the algebraic equation, whose root is y, is resolvable into k 
factors, then there are p— linearly independent Abelian inte- 
grals. 

(7) The periodicity-moduli of an integral of the first kind cannot 
be all real or all imaginary. 

61. The problem of the reduction of hyperelliptic integrals to 
elliptic integrals first engaged the attention of Legendre, who, in the 
third part of his “ Traitg des fonctions elliptiques,^’ shows how 




X 


dx 


can be expressed as the sum of two elliptic integrals of the first kind 
whose amplitude is the same and whose moduli are complementary to 
each other. 

In CrelleU Journal^ Vol. 8, 1832, Jacobi generalized the above result 
of Legendre smd showed that 



0 


dx 

^ a:(l — .r (1 + + X«) 


can also be expressed as the sum of two elliptic integrals of the first 
kind whose amplitude is the same but whose moduli are not always 
complementary to each other ; if k and X are suitably chosen, the modu- 
li may be arbitrary. 

In his paper, “ Sur un exemple de reduction d’ integrales abelieiies 
aux fonctions elliptiques ” (Ann. Soc. Scient. Bruxelles, 1876 ; OemreSf 
t. 3, pp. 249-261), Hermite gave another example of a reduction simi 
lar to Jacobi’s. It is this : If 


aa;=42* — Saz:, Sy(z*^a) =2«®--6, 

S»«(^»-a){8^»-6a2;+6), 
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tbeoa we have 

dz_l f ^_d3r. _ [ zdz L. f dy 

S 3 J ^ C2a^-6)(»*~a) * J S’ ‘-2^3 J Vy»^Say--b' 

Koenigsberger has, in his paper, “ Reduktion ‘iltraelliptischer 
Integrals auf elliptische ” (Crelle's Journal, Vol. 67, 1867) considered 
still more general cases and finds that there is a possibility of reduc- 
tion in the case of^’a hyperelliptic integial, if the polynomial of the 
sixth degree under the radical sign, when equated to 0, furnishes three 
pair-points of an involution. 

In addition to the integrals 

I ^ I zdz 

J ^ 2<>+az*+5s*4^ ’ 3 : “’+^ +b^T* 

which are obviously reducible to elliptic integrals by the substitution 
the two integrals 

I 

where 

4 

J=46+ -g-op, 

reduce to elliptic integrals by the substitutions 

z^ + az+b +pz^+q 

Sz—p ’ az^-^Sbz* * 

respectively (see Bulletin de la 8oci4t4 Mathematique de France, t. XII). 
Examples : 

1 

are reducible to elliptic integrals when a and p have the same sign. 

62. It was again Legendre who first gave examples of the reduc- 
tion of Abelian integrals other than hyperelliptic integrals to elliptic 
integrals* Roethig has considered these carefully in his paper, ** tJeber 




^ a-fy2* -4-/83® 


zdz 

a-4-y3*-f /8a® 




( 3 *+ a2-f-6j(3»+p«»-pq) ’ 
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einige GraHungen elliptisclier Integrale” (^GrelWs JowmaZ, Vol. 56). 
He shows (a) that 


s 


/( c 


(a+ajOJ+a,^® 4-as«* 


wherein /(.r) is a rational fanctioii and m is any integer of the form 
3w + l or 3»4'2, can always be reduced to elliptic integrals with the 

1 


modulus 


I 


- V 2+ VS , and ip) that the integral of the form 




(tto +aia5 + aa-*'* + 


wherein m is of the form 4w+l or 47^+3, admits of being reduced to 
elliptic integrals with the modulus V' ^ . 

Briot and Bouquet have considered in their book, “ Th^orie des fonc- 
tions elliptiques,'* the question of the reduction of an Abelian integral, 
whose irrationality is given by a binomial equation, on the supposition 
that the upper limit of the integral is everywhere a single-valued func- 
tion, and shown that only nine integrals have the property of reduc- 
ion; they are 


s 

s 

s 

s 

5 




V (ic— — 6)* 

dc 



A/(a?— »)*(«— h)® 

dr 

V (a;— »)*(»— 6)® 


5 

S 

S 

5 


dx 

A/(aj~a)*(a;--6)*(r— c)* 
dr 

V (a;— a)*(r— 6)®{a;— cl 

d« 

V (aj— a)®(as— 6)* 

dx , 

^ (r— 


dx 

A? (aj— a)®(ar— 6)*(i»^c)® 
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This question has been investigated also by Koenigsberger, Krazer, 
Weierstrass and many others. 

The following question has not yet- been fully answered : 

What are the cases in which for a given Abelian integral 

J 

there exists an algebraic substitution which changes this integral into 
a new Abelian integral with a smaller number of periodicity-moduli P 
It can be shown that when the 2p periodicitj’^-moduli of the given 
integral reduce to two distinct moduli, the integral can be reduced to 
an elliptic integral by a rational substitution. 

63. Denoting by p, q, R polynomials in Abel considered the 

following problem : *‘To find all the differentials of the form , 

V R 

where ^ and R are polynomials in . 1 *, of which the integrals can be ex- 
pressed in the form 


log 


p-f q a/R 
p— q V'R 




The complete solution of this problem was given by Abel as 
follows : 

“When it is possible to find R corresponding to a given poly- 
nomial, such that 



y+ V^R 
y — VR * 


then the continued fraction for ^R is periodic and of the form 


VR=:r+ 


2/x-h 


1 ^ ^ Jl 1 

2pj-f ... 2p.,4- 2/4-1- 2r-h 2/x4- 2/x^-f ... * 


and, conversely, when the continued fraction of a given VR has this 
form then it is always possible to find a polynomial ^ for which 



y-h v^R 
y — VR 
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Thfe functian y is given by 

. 1 1 1 _1 1 ” 

2 /A+ 2 /Xi+ 2 / 4 , + ... 2 ft+ 2 r‘ 

Abel also proved the following theorem : Whenever an integral of 
the form , where ^ and R are polynomials in «, is expressible by 

logarithms, one can always express the! integral in the form 



where A is a constant, and p and q are polynomials in x. 

The question of the reduction of certain kinds of Abelian integrals 
to logarithms does not offer much difficulty. The following examples^ 
may be regarded as illustrations ; 

(1) — 5 los { (•«— 1 ) 

X (a— a* '/»»-! )“* I , 


a being an imaginary cube root of unity. 


(2) f ^ ^ (a;*--a 

J p,,. ^ 


X a* V'.c* — p)*^ j . 


(3) ^ logf {x— Vx*—p) {r-o.-} t.’-'p 

J Vx’-p ■' '• 


X (.c— -a* Vaj® — • 


J. Oolbnia, **Sur les iategrales pseudo*elliptiqae 8 qui dependent d‘ane racine 
cabique d’an polynome da troisiame degn^” {Bulletin des Sciences Mathematiques. 
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(4) f ■■■ , is expressible as a logarithm ; if 

V{x-^a){x — c) 


2^0 = is a commensurable part of a period of where 


Fa=^» F 3 = — 6)*(a— c)* and ^( 2 o) = l/9 v'Ca— 6)(a~c). 

64. Soon after the publication of Abel’s theorem, Jacobi placed 
before himself the problem of introducing into Analysis the inverse- 
function of a hyper elliptic integral in the same manner as the elliptic 
fanctions had been introduced as inverse functions of elliptic integrals. 
But in his attempt to solve this problem, Jacobi had to face this serious 
difficulty : as the hyperelliptic integral possesses four or more periods, 
its inverse function must necessarily possess the same number of periods, 
but such an inverse function cannot be single-vahied as a single-valued 
function cannot have more than two periods. This difficulty was over- 
come by Jacobi by his realizing that the inverse function, if considered 
as a function ofp variables, may be single- valued and still have 2p in- 
dependent periods. 

The more general case of Abelian integrals, other than hyperellip^ 
tic integrals, was not attempted for inversion before 1844 when Hermite 
wrote his memoir, “ Sur la the'orie des transcendantes a difPe'rentielles 
algebriques” {Comptes RendiiSy t,18). 

65. (a) I proceed first to give in the words of Weierstrass* the 
definition of a particular case of an Abelian function, viz., a hyperelliptic 
function : — 


“ The theorem of Abel on hyperelliptic integrals forms the founda- 
tion for the theory of a new class of analytical functions, which may for 
that reason be suitably called Abelian functions, and which may be 
defined as follows. 

LetR(.») denote Ao(‘< —aiXc— «»)•.• ^ ^ , an integral 

function of x of the (2p+ l)th degree, in which it is assumed that of the 


quantities 


pj + 1 


no two are equal 


although they otherwise 


* ‘‘Theorfe der Abelsichen Fiiuctionen,* {GrelU's Journal, Bd. 52, 1866. pp. 286 
and 286)- 


9 
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may take any real or imaginary values. Further, let ... 

be p unrestrictedly variable quantities and between these and an 
equal number of quantities «'»ji)****p dependent on them let the follow- 
ing differential equations hold : 

du 4-1 dxp 

^ 2*®!— Gti Vld,{xy) 2 aJa 2 arp—tti V'R(a?jp), 


_i PC.r?T) 4. 1 P(^^2) . . i Pr->’p) drp 

* 2 ajj— Ug v'R(a!i) 2 a?a— Og v'R(.Tg) “* 2 VRCxp) * 


du = 1 L JL ^ ‘^'2 -f- , , , 

P 2 aj^— ttp '^R(a’i) 2 ifij — \/R(afj,) 

1 ^ ijjgp 

^ acp — ttp a/R ) * 

where P (a;'^ stands for (a— ai)(a’— a*) ...U— ) and it is understood 
that * 1 , take the values w^, ...w^ if the quantities Wg,... 

' all vanish. Then oj, , a*„ ...r are to be considered as the roots of an 

p i» a p 

equation of the form 

+...Pp =0, 

where Pj, P*,...Pp denote single- valued analytical functions of Wj, Wg... 
; whilst a second integral function of x of the (p — l)th degree 

+...+Q^ . 

whose co-eflBcients are also such functions of u{, gives respec- 

tively the values 

VR(«,) ,VR(ar,),...^^R(«^) 

when X is put equal to x^, Xiy,,x^, 

After this, every expression, formed rationally and symmetrically out 
of »i, and VE(«0 , VBC*,),- v'E(irp, is to be looked upon 
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as a single- valued function of . In particular, however, it 

follows that the product 

(djp —aJi)(Ur —«/#). ••(ttr )> 

where r denotes any one of the integers 1, 2|...2p-|-l, is the square of 
such a one. Accordingly, if one considers the quantities 
VAi ^ (a.), (a,),... '^(‘» 2 p+i) 

as functions of ^ 1 , , </>(«) standing for (^--aJi)(«-“a?a) 

(a?— + l constants j then, out of tliose quan- 

tities, cannot only the co-efl&cients of the equation whose roots are 

be formed easily but they (the quantities) are also marked, 

like the elliptic functions sin am w, cos am w, A o.m w, to which 
they are reduced for p=l, and to which they are altogether 
analogous, by such a huge number of remarkable a nd fruit- 
ful properties that one is justified in giving them and a number of 
others, connected with them, by preference the name ‘ Abelian , /tmc- 
tions ’ and is encouraged to make them the chief subject of consider- 
ation/* 

The general Abelian function may be defined as follows ; 

Let denote linearly independent Abelian integrals of the 

first kind and let 



(A — 1, 2f„,p) ; 


and further let ajg,.,.r,,) denote any rational and symmetric func- 
tion of a?!, Then the function S considered as expressed by 

means of the quantities U* is called an Abelian function of the argu- 
ments U A and is denoted by the symbol 

AZ(U„ 

66. The general Abelian function may also be defined as fol- 
lows ; — 

A single-valued function f{v^j Va,,..Vp) of p variables 
which has everywhere in the finite domain the character of a rational 
function, is called an Abelian function, if it is 2j9-ply periodic, z.e., 
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if there exist p linearly and integrally independent system of quan- 
tities 

( 1 ) (^=1, 2,...2p) 

so that 

The p quantities are said to constitute a system of 

periods of the function /(vj, Vs,...Vp). 

If Wi, Wa,.,,Wjp are integers and 

(2) w*=Wi(i)*i-|-WaO)*a + ...+Wapa)*ap, (A;=l, 2,...^) 
then is also 

The quantity w* is, therefore, also a period of or 
briefly /(«?). 

An Abelian function has, therefore, infinitely many periods. But 
quantities o)*,! admit of being so chosen that every period is represent- 
able in the form (2) with integral n’s. Such a system of periods «*,* 
is called primitive. 

All Abelian functions which have the quantities as periods are 
said to form a class, 

67. The following are the principal properties of the Abelian 
functions : 

(1) The differential co-efl5cient of an Abelian function is an Abelian 
function of the same class. 

(2) Corresponding to each Abelian function (u) one can deter- 
mine p— 1 functions f^(v), fi(v)y,„fp{v) of the same class, such that 
their functional determinant is not zero identically. The equations 

/i («>)=«, ,/,(v)=«„...f,(«)=s„ 

have then, if the $*s are not specially chosen, only a finite number of 
incongruent solutions; this number, which may be denoted by m, is 
independent of the choice of the s*8 provided that they are not sin- 
gular. 

(3) If f(v) be any new function of the same class as the functions 

satisfies an algebraic equation of degree wi, 
whose co-efficients are rational functions of /^(u), 
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(4) If i>he aforesaid equation of the mth degree is irreducible, then 
all the functions of the class admit of being expressed rationally by 
the p+1 functions /,(v),.../p(v). 

(5) Every Abelian function admits of being represented as the 
quotient of two integral transcendental functions. 

(6) An Abelian function is never an integral transcendental func- 
tion. t 

1 7) Every Abelian function possesses an algebraic addition-theo- 
i^em. 

(8) Every Abelian function admits of being expressed rationally 
by means of p+1 suitable Abelian functions, particularly by means of 
an Abelian * function and its p differential co-eflficients of the first 
order. 

(9) Between an Abelian function and its p differential co-efficients 
of the first order, there exists an algebraic relation. 

68. I proceed now to give you an idea of the explicit representii- 
tion of an Abelian function in terms of its arguments, by taking the 
very special case of a hyperelliptic function. 

(u) Let s denote 


and let 

I 

Then every hyperelliptic integral of the first kind can be expressed 
in terms of and hj combining them linearly with constant co- 
efficients. Let the periodicity-moduli of be denoted by A j*. A, » 
and those of hy Bi*, B 2 a» Then 



Cl e, c 


= B,., 

■e. 
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/ ^* 1 1 1 

dv),=,j~Att, J <iw4=— g-Bj,, j dw,=— — A,, 

Cl Ca 0, 

1 

J <?«), = -g-B,„ 


Further, let 

a I,* -LI , where | A j stands for the determinantl 

® A I ,* 


-^11 

|Aii Ajia 


tl»a, «« =o, ^ W^i+a.^K?, ; 

TiASSttii Bi*+agi B,jfe=:T* I =:ai*B, / +a»*Baj, 
hJJi 

(6) Let (^) denote the theta^function of two variables 

Vi, v„ viz., 

fi> 1 H> o 

^ (v)s 

SiQp 


2 (2fn.i— ^ j)>+2tij (2ini— hi)(2mg— ha) + T,,(2w4— fc,)*] 

mi m, 

xcos ^^mimi, 

where ^i, p„ /t* are integers, 

and the summation extends to all integral values of and from 
— oo to oo. 

Then the hyperelliptic function ar can be expressed as an algebraic 
function of quotients of theta-functions, e,g,, 

(a— ei)‘(a— c,)V(»— c,)*(!e— c,)‘ 

flfl* 

where U, (c^ — O* ® product of factors of the form 

(c^-6»)(y “«») 

if p takes all the values from 1 to 6, excepting p and ft'. 



ABELIAN INTEGRALS AND ABELIAN FUNCTIONS 


71 


69. The applications of the transcendentals, discussed by me in 
to-day’s lecture, are varied and many ; but, for want of time, I shall 
content myself with giving only two applications, one to Dynamics and 
the other to Differential Geometry. 

(a) Consider a particle constrained to move on the ellipse 



with the axis of .c vertical. Then the principle of vis viva gives 
I (fe— .15), 

and, consequently, 


* 

where s denotes 


-y/ » +* ^ (A— j:)( 2— a) ) 


Therefore the time occupied by the particle in moving from x =0 is 

1 r {1— e*(l— 
eV2g{ s ’ 

a hyperelliptic integral of the second kind ; since, for large values of 


s 




+ ... 


and, therefore, the i|itegral behaves at a;=oo as Vxj an algebraic 
function. 

(6) Weierstrass* has shown that the rectangular co-ordinates of 
the point on a geodesic line on an ellipsoid of three unequal axes can be 
expressed by means of hyperelliptic functions and that the length of 
the line is expressible as a bj perelliptic integral of the second kind. 


* Ueber die geodaetigche Linien aaf dem dreiaxigen Ellipsoid” Monats^eriQht dcr 
Koenigliohen Ahaderni^ der WisseruchQjUn Berlin, 1^61)- 
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APPENDIX A. 

Expansions of (r(z) and ^{z) in powers of z, 

1. As stated in the fourth lecture,* Weierstrass obtained the 
expansion af crC^yup to «*“ ; the oo-efficienfcs ^ are given below in 
tabular form ; — t 


jj*»+0»+l 



a«,H 

2*»‘+e«+i 

m 

n 

1 

n 


0 

“ 

+ 1 


0 

' 4 

+ 1606600 

Z* 

n 

0 1 

-1 

... 

3 

2 

+ 20019960 


H 

1 

-3 

... 

6 

0 

+ 1416961 

z® 

B 

0 

1 

-9 


2 

3 

+ 162100440 


-18 



B 



... 

6 

1 

-41843142 



2 

-64 

z*® 

1 

4 

+ 796330440 

i 

3 

0 

+ 69 



2 

-376375410 





t** 

7 

0 

-388946691 


2 j 

1 

+ 613 






4 

0 


jjral 

0 

6 

4 2388991320 

... 

1 

2 


... 

3 i 

3 

-9466716080 





... 

6 

1 

-6619779667 






2 

4 

-144916218720 

z^® 

0 

3 

+ 14904 


6 

2- 

-210469286786 

... 

3 

1 

+ 33688 

... 

8 i 


+ 25614678881 


2 

2 

+ 267680 





... 

6 1 

0 

+ 160839 

z®» 

1 

6 

-1289069784640 





... 

4 

3 

-4682619446320 


1 

3 

j +602200 


7 

1 

■ -485174610648 

... 

4 

1 

+ 2808946 






* See Art. 43, pp. 42-43. 

f See H. A. Scbwarz : ** Formeln uod Lehrsfttze zum Gebrauche der elliptis- 
chen Functionen, nacb Vorlesungen und AufzeicbnungeU des Herrn K. Weiefetraee ** 
(Gettingen, 1888 j 2nd edition, Berlin, 189S), p. 7, 
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2. In the third lecture, the recurrence formula for the coefficients 
in the expansion 






has been given. 

By using this formula, Mr. Stibodh Chandra Mitra has obtained the 
expansion of up to i** thus obtaining nine more terms of the 
expansion than had been obtained by any previous writer.* The 
values of the various coefficients from up to are given below: — 


- 9i 


9jL 


J a A ~ if M g ; 

* 4J.2 7 ’ * 2*.3*5*’ * 




2*. 5.7.11 


C =i { -+ « = Si'J, 

“ 13 \ 2’.3.5* 2*.7» / ’ ’ 2».3.5*.7.11’ 

. _ 1 / !/.‘ + %.g.* ] 

•~17 I 2\3.5M3 2*.7*.11.13 ) ’ 

If ^g.’g,_ 

’■"19 (2’.5’.7.Ti.l3 ^ 2«.7M3 J ’ 

. - M 7g.° 97g^g‘ 

’"■“21 (2’.3.5M3.17 2».5.7.11M3.17 5’ 

, If 3S9g*g, 123g.g,» 7 

”““23 12».3.5M1.13.17.19 2'.5.7Ml.l3.17.19i ’ 


„ _if g/ ^ogj'g’ 

'“"■25'^2'i.3».5M3M7 2‘.7M1M3*.17.19 

- 1 - 1 
2“.7‘.13M9 S' 


* See Mitra’s paper: “On the expansions of the Weierstrassian and Jacobian 

lliptic functions in powers of the argumeot *’ {Bulletin of the Calcutta Mathematical 
'ociety, Yo\. 17, 1926, pp. 169-172). 

10 
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^ -1. f 729g.“g. . I43lr .* g.» 't 

*• 27 t.2“.5‘.7.11.l3.l7.19.23 2».7M1*.13.17.19.23 ) ' 


f -M 9.^ I- 13647g,«g.« 

**~29? 2*>.3.5M3*.17 2»>.5».7.11M3M7.19.23 


+ 6471g,g,* > 

2«.5». 7 M1.13*. 17.19.23 S’ 


. _ 1. S 104003g,»g, 

*• 31 (2'*.3».5».7.11.13M7.19.23 


39970l<)..»g .» g- 

2».3.5*.7M1>.13M7.19.23 2».5.7M3M9 


« _ 1 S 2453^i,« I006029g.°flf .* 

’* 33 <2>».3>.5M3M7*.29 2‘ •.5».7M1.13m7M9.23.29 


. 81050l7y,*g,* 7 

2*®.5».7*.11.13M7M9.23.29 ) ’ 


c _1S 49871g /iy. 

” 35? 2»«.3».6M3*.17.19.23.29.31 


240263gr,*jrj,* 

2“.3.5’.7.11M3M7.19.23.29.31; 


3693g.g,» 

2 > •.5.7M3M7.19.23.29.31 


_1^ 427^.* 304580887379,«^,* 

•~37 ?2”.3».5ri3».17*.29'^2'"’.3».5».7.11M3M7M9».23.29.31. 


122378650673^, ‘j,.* 43j,* ^ 

■^2**.6».7».li* 13>.17M9‘ 23.29.3l'^2**.7M3M9*.31 V 
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_ 1 J 5562883?,'^, 

39(2”.3».5».7.11.13.17M9.23.29.31 


4298524333. •3,,> 

■^2*».3.5'.7MlM3.17».i9.23.29.31 


287129413, »3,» 

'^2' ».5>.7M1M7M9.23.29.31 

3. In a communication* to tlie Academy of Sciences of Berlin in 
1882, Weierstrass states, as already given in Schwarz’s “ Formeln und 
Lehrsaetze,” the values of the coefficients up to those for 2 ^*®. In a 
paper,! communicated to the Society of Sciences of Goettingen, Hauss- 
ner attempted to express these coefficients independently as deter- 
minants. 

4. With reference to the function ^( 2 ), attempts were made by a 
number of writers, including Hurwitz aud Herglotz X to find a general 
expression for by using which the values of the c’s for all values of 

N can be written down, 

Hurwitz confines his investigation to the special case in which 
is zero and =4, and finds that 



nsri 47i 


■ (4/i-2) !* 


where the E’s are certain numbers analogous to Bernoulli’s numbers. 
Hurwitz fails to give a simple expression for E.» from which all the 
E’s can be easily calculated. But he shows that E„ is of the form 


G .+^+2 


;(2a)' 


* ** Zur Theorie der elliptiachen Functionen *’ (5^if8iunflf5bcrichttf d, k, Pretisi, 

Akademie d. Wissenschaften zu Berlin, 1882, p. 261) 

t “ Ueber die Zahlencoefficienten in den Weierstrass’schen, (r-Reihen.” (Kach^ 
riehten der k, GeselUchalft d, Wissenschaften zu Goettingen, 1894). 

t Hurwitz, Ocett, Naehrichten, 1897, pp. 273-275 ; Herglotz, Leipziger BtfichU 
1922, pp. 269-289. 
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where is an undetermined odd integer, p denotes a prime number of 
the form 4^4- 1, a ^ is the odd square of the two squares in which p 
can be broken so that 


jp=a* +6®, 

a is to be taken with such a sign that the congruence 
rts6 + l (mod. 4) 

holds, and lastly the summation for p extends to only those primes for 
which p — 1 is a divisor of 4n. 



APPENDIX B 


Tiikta functions of one or more variables. 

1. In view of the fact that Jacobi built up a theory of elliptic 
functions, based on the four theta functions, defined in Art. 25 of my 
second lecture, it is desirable to introduce three funciions, o', ( 2 ), 

0 - 3 (c), anologous to the function 0 ^( 2 ), defined in the fourth lecture, so 
that the ^-function may be expressed in terms of the theta functions, 
and consequently also the functions, cn and dn may be expressed as 
in Art. 24 of my second lecture. 

(a) The four Welerstrassian sigma functions. In Art. 34 of the 
fourth lecture, the Weierstrassian sigma function was defined as 



and in Art. 35 was given the relation 

Now let o’i( 2 ), o-,(a), <r,(o) stand respectively for 


... ( 1 ) 


i’ll* O' ^01 — z) 

® ’ 

Then, since 
( 1 ) gives 


+ — s) J’72^ — z) 

^(oi)=ei. 




o-(g + o>)cr(a! — (tf) _ C <r^(z) 1 * 
0'*(2!)<r*(a)) C o’(») ) * 


because, as stated on p. 33, 


<r(2;+D„., J= €V(f)Xe' 


so that 

cr(« + «) = — o-(g — »)x 


ViZ 
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Similarly, it can be proved that 





(b) Expression of the theta functions in terms of the sigma functions. 
It can be easily proved that every integral function f{z) of z with the 
period w admits of being expanded in a convergent power series of 
the form 

2iri« 
e 

Cl> 

Now, consider the function 



—’ll*’ + 

f(z)ise ^ a(z). 


It is obviously an integral function as a-^e) is an integral funotion ; 
further 


/(» + 2w)a5— cr(a;)e 


4m 2w ‘ 


=zc’(z)e 2« z=:f(z) (2) 

Thus f(z) is an integral function with the period 2a). Therefore, 
according to the aforesaid theorem. 


/(0= 2 A.w** ... (8) 

— oo 

where 

Hm 

M=62«. 


But, in the same manner as (2) has been proved, it can be proved 
that 


/(* + 2 «') • 
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Hence, using (3), we have 


where g=e " . 

Therefore, comparing the co-efficienti, 

A.+i = — g**A., 


t,e,f 


Thus 

Therefore 


But 


( — 1)" A, is a constant, say i C. 

f{z)=iC 1 

— OO 

»■ 5 (-1)“ 


where 

Thus it is proved that 


“111" 


C0,(t;)t=cr(0)e , 

where the constant C is-easily seen to be . 

Thus it is established that 


0 j(u)s 2 { 5 f^ sin TTV—g* sin + sin Sttv — ...} 


where 


^ OAO) 
2(0 


4<v 


.<r(z), 


z=2(i)n. 


* In the notation of Jacobi, used in Art. 9$, this will be (td). Similarly 

for 
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Similarly, it can be proved that 


«,(t>)*3 5 3 (« + i)*cos(2n+l)»i,=e,(0)e , 

» 3=0 


tf,(»)sl + 2 Ij"’ 

n = I 


COS 2n7rv = ^3(0)€ , 


OO -’Lli* 

^(,(t;)sl+2 ^ ( — 1)” cos 2?^7^^?=0o(O)e 0-3(2). 

« * 1 

(c) Expressions for the ^-function in terms of the theta functions. 

Using the above formulae and those given in the end of (a), we 
have 


?i= 


2™ ■ e,(0) 


jjv) 
e,(v) • 




J_ ev^i 0.(v) 
2a, • e,(0) • e,(v) ’ 




{z)-e^ = 


1 

2(0 


^.'(0) 

<>o(0j 


_^(t^ 
«.(») ■ 


2 . Mutual relations between the theta functions. The following rela- 
tions between the theta functions are easily deduced from the defini- 
tions : — 

(II) ^,(®+l)=^oW, ^i(" + l) = — ^»(« + l) = — 
e,(®+i)=e,(®), 


(III) ^o(®+W=»3 ^ e“®”^,(»), ^,(®+iT) = ig ®"’^o(®)> 

«,(‘’+|T)=g-* (v). 0,(®+^)=g-* e-®'’>.(®). 
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Ot(v+T)^q~h~^'’^ Oi(v), e,(»+T)= 

(V) eo(»+l.+4T)=g-ie-®'\e.(»), 0,(®+i+^)=g-*e-®" (?,(«), 

(VI) tfo(v+l+T)t=— g~^e~^®”tfo(t)), S, («+l+T)=g~^e~^®’"S,(o), 

I 

^«("+l +■»■) = — g“^e~^®®* ^^(t)), S,(i> + 1+T)=g~^ e~®®®* 

(VII) <J„(v+m+»T) = ( - 1)* g-"* e-a'*®®‘X(-'). 

tf.(t.+w+nT)=(-l)”»-*-“g-“* 

e,(«+m+nr)=(-l) “ g"”’ e-2"®«’e, («), 

6,(o+m + nT)=g“”’ e”*^"®®* fl,(«) ; 

m and w being any integers. 

3. The zeroes of the theta functions. It is obvious from the expression 
for (t?) in terms of o- (») that the zeroes of the two are the same. 
But O' (z) vanishes, when 

j5=Q„,,=:2m(i)+2W , 

m and n being any integers from — oo to oo. 

Therefore (t? ^ vanishes when 

2 o)t;=27na) + 2W, 
i.e.j u=m+WT. 

The zeroes of the other theta functions are obtained by using the 
above result and the relations given in the preceding article. 

For example, 

fl.(»+i)=— e,(t>) i 

therefore fl,(v+i-) vanishes when v=nH-»T, i.e., tf,(u) vanishes when 
»=sm+nT+i. 


ll 
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The zeroes of the various theta funotions are given in tabular form 
as follows : 


Function 

«= ) 

/ 

1 » 

1 

m + riT 

qtn 

i 

% 

m + nr + J 

-9*- 

» 1 

. r 

w + nT + 

_gS«+l 

^0 

m + nT + ^ 

2 

g¥*+l 


4. Infinite ^roduBts for the theta functions. Consider first 0,(v). Its 
zeroes are given by 

= — , 

, 

Therefore, by Weierstrass’s factor- theorem, 

F(v)En 

is an integral -function of n having the same zeroes as (v). 

Also it is obvious from the above definition of F (u) that 

F(v-H)=F(»), F(v-bT)=g“»w-*F(v), 

But, from the relations (II) and (IV) of Art. 2, it is clear that (v) 

behaves in the same manner. Therefore is a doubly periodic 

F(u) 

function of v with the periods 1 and t but has no pole. Therefore it 
must be constant, say G- Thus it is proved that 


e^(v)=o. n 

1 


■)(i+9* 


«-•) 


=0. n (l+a?*—* cos 2iTO+g«— •), 
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Consider ^o(^). According to (I) of Art. 2 , 

=0ni(l-2g»"-" cos 27rt;+g*"-*). 

1 

Similarly, 


dj(t;)=0.g*(w+w“‘) n:(l + g*'*w^)(l + g**M“*) 

1 

= 20. g^cos TTW n (l-f'2g*'* cos 2fft?+g**) ; 

1 

1 oo 

=20g^sin Trvll{l— 23*** cos 27 rD+g**). 

1 

These results agree with those gi^en under (6) on page 22. 

5 . Expressions for the quantities e,, 63, Tc^'Kin terms of the null 
values of the theta functions, (a) I will first prove that 

0\(o)^7re,io)e,{o)eo{o) (A) 

and then deduce that 

v'e,— e, =s^e„*(o), V'e>-e, =^e,»(o), Ve,— e, 

Proof ot (A) 

From (c) of Art. 1 , 




0,(V) 


... ( 1 ) 


Now expanding by Maolaurin’s tbeorem and remembering that 

»,(o) 

it is an even function, we get 


0.(v) . e'',(o) . 

■ 21 " 
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Similarly, 


6i(v) 

e\{o) 




l(o) ^ 
i(o) ’ 3! 


Substituting these values in (1), we have 




1 

2iiiV 



ff'Ao) 1 ff"M 

tf,(o) 3 ^,(0) 



Squaring both the sides and noting that the expansion of Q(2(i)v) does 
not contain any term independent of v, we have hy equating the constant 
terms 


_ 1 

* 4<o‘ 1^3 ff.io) 0,io) y 


Similarly 


=_i ^ ld.”'(0). 0/1 0) > 

’ 4««i 3 0/(0) 0,(0) 5’ 

« - -I ( ^o''(0) ) 

i3 0/(0) 0„(0) 5- 

But ^ 1 "f* "f* 

Therefore 


gi"'(0) - d".(0) ^.0/'(0) . :g,"(0) 

0/(01' 0,(0) ^ 0,(0) ^ 0o(0) • 


Now each 0 satisfies 


a»0(t^) 

0o* 


=4,V0|f»). 

OT 


0 n* 


= 4^7r 


0v0r 
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Therefore! putting v=:0 in the above ond osing the result in (2), 
we have 


1 d 


^^'(O) 8t 


0'.(0) = 


1 e 


tf,(0) 8 t 


L 0.(0) 


«s(0) 0o(0) 


whence, by integrating both the sides, 

eA0)=ce,(0)$,(0)e,(0h 


c being a constant. 

By making the substitution i7=0 in the series for the 0*8 and 

comparing the co-efficients of q* we have c=7r. 

Thus the result (A) is established. 

(6) Since ^(w)=ej, putting in 




- Jl. ^9} 

2<*) 0o(O)’0i(v)* 


we have 


V'ei-Ca 


2(1} 


1^/(0) Mi) 

OoiO) • 0,(i) 


_ otm 

2« 0o(0) ’ e,(0) ’ 


by (I) of Art 2. 


Thus Ve,— e, S3-^0,»(0), (A). 


Similarly, 


Ve^- 


ir 

2(0 


eo*(0), A/e.-e,= 




(c) As proved in Art. 23 of the second lecture, 
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h being /v/iZZi*”, 

Cj — Cj 

Therefore, using the results in the end of (6), we hare 

ejm ' 


Also V= 

v ei— e, d,HO) 

(<2) Since 


8n(K:)=l, 


it follows from 


v't|( 2 )-C, = 


«» 

» 

sn(Vej— Cg z) 


that 




. K=|^%(0). 

Similarlj, 


K'=oi't Ve, -e, = ~ tT®,* (0) . 

4u 


(e) Hence 



and, consequently, 




=:e 


-irK' 

K' 


6. Expressions for the sn^ on, dn functions in terms of the theta 
functions. 




i ^x^(O) 

2a> ^olO)* 0i(v) ^ 


From 
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we have, by using the expression for sn( e#*) given in Art. 23 of 
the second lecture, 


snj['/e 1 — 632)= 63. 2cu 


iM 




sn(2Kv)=: 




by using (A) and the expression for Je given in (c) of Art. 5. 
Also 


cn( 632) 


e. 


Therefore, substituting the expressions from (c) of A.rt. 2, we have 


Qn(V6i— 632) = 


^o{») 


».e., 

Similarly, 



dn(2K») =a/F'44^ • 


7. Determination of q for given k ; Hermite's functions, 
{a) From the results 


VF-M - go(0) 

- e,(0) ’ ’ 

are obtained, by the inversion of the series, respectively 


and 


9=1 i+2 ’ 


2 standing for 


1-Vk' 

1+VU' 



88 


THBOBY OP -ELLIPTIC FUNCTIONS 


The latter fieries ie so rapid^f conyergent that, if | 1 1 , the. error 

in taking the first two or three terms is numerically less. than 


80 


or^l 

50 


It should be noticed that, although for a given A: or 1 /, there are an 
infinite number of values for 5, one value is obtained by means of the 
series given above ; the other values are deduced by the linear trans- 
formation of theta functions. 

( b) Let 

be denoted by t, then and , considered as functions of t, are res- 
pectively Hermite’s functions 0(0 and 0 ( 0 - 

The following results relating to 0 and 0 are obvious : 

0*(O + 0*(O-1, 




* 


»v 


(t + l)=6 


8 •Kt) 

m’ 


<Ht+l)= 


1 


It can be also proved that ^ ^ ^ C admit of 

being expressed simply in terms of 0(0 0(0 ; d being 

integers subject to the condition 


ad— 5 c=»l. 

8. JacobVs fundamental theorem. If 

(w+«+y+0» jf— 

y'=^(||>— jp-fy— «), y-f Of 
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(y )®» (*) + (»)^ .(y)^ . (*>) 
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Proof : 




^.(.>) = 5 g*** logi/+2nira;< 

•— oo — oo 


.e*°8« S e 


^^log q + nxif /log q. 


Similarly, 


'2n + l 


e ,(®)= e *‘'8 4 


log g + irafi 1 /log 9 




Therefore 


X5 5 5 2 , 

n n' n" n'" 

X s 2 2 5 «, 

n n' n" n'" 

where 

S= 9+«nr» ^ log^+airf ^ 4. log J+go»^ 

+ ( 5 ^ 

and 

T= lo^q+wrri ^ ^ ^ log 5 + ie7ri^ 

+ <7 + 2/^* ^ log q + ziri ^ • 

w, n', w", n"' being integers all independent of one another and taking 
all the values from— oo to oo. 


12 
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As the factors of log g in S are all even numbers and its factors in 
T are all odd numbers, it follows that 

(»)«, (y)0M+ 6, (w)f .(:r)e. (y)e^(z) 

+x* + y‘ + 2>)/Iog ^ g, ^H/log 

where 

H= log g+«m y + log g + xiti y + log g+yviy 
+ 9+2’f* y , 

the sign g' denoting that the summation is to extend to all possible 
integers a, 6, c, d, which are together even or together odd. 

Now it is not diflB^cult to see that 2' ^ remains unaltered if 

log <y+w^Vi ^ log fVt y 

+ ^ log^gf+z'TTt ^ , 

where 

o^=i(«+6+c+d), 6'=|-(a+6 — c— d), 

c'=| (a— 6 + c— d), d'=^(^a— 5— c+d) ; 

for 

+ +2'*=w*4’.«*+2/* +«*> 

and a', 6', c\ d! run through all the possible systems of four even or 
four odd integers just as a, 6, c, d, do. 

Therefore 

W^s( (y )^s (^)+^fi W(^) 

s=e*’* ^ ■*“ ^Df^og q ^ gf^H/Iog q 

which equals 
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9, Addition theorems for the theta functions. There are altogether 
256 addition theorems which can be all deduced from the fundamental 
theorem. By giving special values to the variables, 36 formulas can be 
deduced for 

and («,i8-0, 1, 2, 3). 

Of these the following may be mentioned, Co, c,, e, standing ®o(®)> 
^,(0), fl»(0) respectively : — 

(VIII) 

Putting =0, we have 

(X) c,« <lo*(«)=Co*^.’(®)+c,*<'.*(«). 

(XI) c,» d.*(ti)=c, do'‘(«)-c„*«,>(»), 

(XII) c, >(») =C, • (») -c„ •(!». • (t>) 

(XIII) c, >d. • (») =c„ +c, >0. * (V). 

Hence, putting »=0, we have 

(XIV) c,*=Co*+c,*. 

(XV) c,» +c,» +c,» =2(c.*c,* +c„*o,‘ -Co*c,*) 

(XVI) (c„» +c,' 4 c,» ) • =2(co “ 4c, > • 4c, * •) 

=4(c,'c,*4«o®c,*4Co“c,*) 

10. Theta functions of p variables, (a) By the theta function of 2? 
variables v^,...Vp and the given parameters ai^i^at it is understood 
the function 


0(t)i, Oi,. ..».)« 2 

n„n,...n. 


... ( 1 ) 


P 

0=X(»)42 2^»^, , 


where 
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x(n) standing for the quadratic form 

p 

*1=1 

of the p variables and the summation 5 extending over all 

ni.n,...np 

integral values of n^, from — oo to oo taken independently of 

one another. 

The tP(p + 1) constants, a’s, which are arbitrary except for certain 
conditions for the convergence of the series (1), are called the moduli 
ov parameters of 0(ui, frequently denoted for brevity by ^(u). 

If a\i denote the imaginary part of a*^, then the series (1) is 
convergent for all finite values of the p variables if, and only if, the 

p 

quadratic form ^ ^k^id'ki is definite and positive; hence the 

conditions, referred to above, for the a’s. When these conditions are 
satisfied, the series is absolutely convergent and 0{v) represents a 
function which is always finite and continuous for all finite values of 
the variables. 

(P) The function 6(v) has the following properties : 

{{) It is an integral and transcendental function of the variables 
(ii) 0(vii ,v +l,.,,Vp)=0(vif,,,v f.,.Vp). 

A* A* 


(t't)) 4ire 

oak* 


a®*” ’ 


o-n- de _ a»g 

da*; 6»*8tii ’ 


The second and third equations may be combined in the statement 
that for integral values of h'a and gr’s, 


etD.+io., V,+U) v,+«),)se(v+«,)=0(v).e-«^)-2«S9'®> , 

P 

where w* + S 

1 = 1 

By means of the first three properties the function is determined 
having a factor dependent on the a’s ; by the first four properties, it is 
determined having a factor independent even of the a^s. 



THETA FUNCTIONS OF ONE OR MORE VARIABLES 


93 


The 2p systems of p quantities, 


1, 0, 

... 0, 

1 1 • 


0, 1, 

... 0, 

•• 


0, 0, 

... 1, 

®1J» •• 

• ^ppi 


are each called a connected period system or briefly a period of the theta 
function. 


11. Characteristics \ general theta function, (a) If Cj, Cj, ... are 

any p quantities, then real quantities ^ 2 » ••• 9i^ ••‘9p 

always so determined uniquely that 


Ck—hk + 9i^k i • 

The system so determined is denoted by 


1 

•• 9p -1 

or briefly f 1 


.K J 

J 


and is called the period characteristic of the given quantities Ck- 
(fi) The general theta function is denoted by 

^ r 9it 9a9 ••• 9p n 

0 (v^, u,, ... Vp) or briefly 0 I (v) 

h,, ... ^, J J 

and is equal to 


Vj +C3,.,.v^4-Cp)e’^^, 


where 


<#»=x(9^) + 2 2 + 


The system [1] is called the characteristic of this theta function. 
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(y) The general theta fanctiou has the following properties r— 

(i) It is an integral transcendental fonotion of Vi, v,, ... v,. 

(ii) >’*+1. - "»)= 


(in') ^ J(vi+a,*, v.+o, 


Vp+O'pk) 



•^•ni{ak ft +2Dfc +2Hfc) 


(tv) \mi 


8^ _ 8*6 > 
0a** 0v** ’ 


8a* I 0w* dv/ 


The second and third equations may be combined in the statement 
that 




where, with integral sr'’s and fc'’s, 

(Oi^h\+ S9^k^lki 

ij/ standing for 

2 g\v,+2 5 (h\g,^Kg\). 

By the first three properties, the function is determined having a 
factor dependent upon the parameters a* * ; by the first four properties 
it is determined having a factor independent of the a’s. 

(8) To each characteristic there corresponds a theta function. The 
characteristic is called even or odd according as the corresponding 
function is even or odd. 


The characteristic J according as the sum Sgkhf, 

is even or odd. 


By the sum of two or more characteristics is understood that oharac* 
teristic whose elements are congruent (mod. 2) with the sums of 
homologous elements in each of the given characteristics. 

The theta function defined in Art. 10 corresponds to the character* 
istio 0 ; so that ^^=0, ^=0. 
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The number of even theta functions is (2*"+!) and the number 
of odd theta functions is 2'"^ (2^ — 1). 

Thus for there are three even and one odd theta functions; 
they are (v), ^[?] i^v), d[J] (r), ^[J] (r) corresponding respectively 
to the functions ^a(^)> (^)^ (v) of Art. 1. 

For jp=2 there are lO even and 6 odd theta functions ; they are 

P 0, 0-, p ^ ”1 p 0, 1 -1 p 1, 0 

(1)0 \ |(v); \(v); e\ (v), ^ \{v); 

Lo, O-J L 1,0-1 Lo, 0-1 ^0,0J 

P li 0 -| pO, pi, 1 -j pi, 1 -, 


p 0, 0 -1 p 0, 0 -1 

0 \ (v) ; 0 (v) 

Lo,l-l *- 1 , iJ 


all even and 
rO,l 


r 1 r **■» * "1 p o -1 P i, i -i 

(2) ^ (v) ; ^ (v) ; ^ (v) ; ^ (w) ; 

Lo, 1-1 Lo, 1-1 Li,oJ L 1.0-1 

p 1 -1 r ^ 1 


all odd ft 

• The first few terms of some of these may be given here : 

ro.o-i 

tfl I (t>)*l +P cos 2e- +Q cos 2ir + ... , 

L 0, 0 -• 

ro,o n 

9 I I P cos 2ir u^ + Qcos'^tt D a + ... , 

1-1,0 -* 

♦ ♦ r • 

^Li J +2 Qa/P sin (irVj + 2 iriJ 3 ) 

"■"'••■■(-S;,:)!* ■■■ 

» ^ j (®) -2>PQ ^ lin w + ” “>• 

X ■in 

whertP-f** “■> , Q=»** *•» . 
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12. Klein's sigma functions for pz=z2. Let 


^ (vx, vJe-X, 


( 1 ) 


where 


1 B B »o /? \ 


the sum extendiug over the 10 even theta functions, 0 denoting the 
value of 0 (^ 1 , v,), that of — ^ and that of P 

OVfi ^ Ov^Ov 

all forvi=v, =0, and C being a constant which equals in the case of 
an even theta function its value 6 for Vj =0 and in the case of an odd 

theta function or -i- d 2 , Pa being suitable constants. The 

Pi V* 

functions or were introduced by Kleinf and are called Klein’s hyper ellip- 
tic sigma functions for p=2. They are 16 in number, 10 even and 6 odd. 

These functions possess this advantage over the theta functions 
that, for any linear transformation of periods, one sigma function simply 
changes into another, whereas for the same transformation a theta 
function changes into another theta function multiplied by an exponen. 
tial factor. The sigma functions of Klein are generalizations of the 
four sigma functions of Weierstrass for the case of a single 
variable. The functions o^Cvi, v,,) have been expanded in powers of 
and 


13. Eepresentation of an Abelian function by means of theta or sigma 
functions. 

In Art. 68 of the sixth lecture I gave the representation of a 


hyper-elliptic function . 

V by 

means of the theta functions < 

variables, where 

r dju 

rscdx 

^i=J 

s 

,W,=J— 


and 




t In lectures delivered at the University of Gottingen from Summer 1887 to 
Summer 1889. 
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G-enerally, every single-valuedfanofcionof variables and 2 p periods 
having no essential singularity in the finite domain can be expressed 
rationally by means of suitably chosen theta functions. 

For example, if 


be denoted by e), then the expression 


is an Abelian function of the variables Vj, ; the constants 

A\ A*,...A^ , C\ being subject only to the condition that 

none of the theta functions in (2) identically vanishes for every point 
the fjL*n being constants and .-?? being given by 

j dv^ (A:=l, 2,...p). 

a 

The most general function of the co-ordinates of e admits of being 
expressed in terms of v , Va,...Vp in the form (2). 


13 



APPENDIX 0. 


Notes f additions and conections. 

Page 1. The quotation is from Dr. Einar Hille*s translation in the 
Annals of Mathematics^ Vol. 21, of Mittag-Leffler’s book, “ En 
Metod att Komma I Analytisk besittning af de Elliptiska 
Funktionerna ” (Helsingfors, 1876). 

Page 2. The problem of dividing the quadrant of a lemniscate 
into n equal parts engaged the attention of many eminent 
mathematicians after Fagnano. Gauss and Abel proved that 
the division of the lemniscate by means of ruler and compass 
is always possible when such a division of the circle is 
possible. Thus, if n is equal to , where each p is a 

distinct prime of the form 2* * + 1, I and t being integers, the 
quadrant of the lemniscate can be divided by ruler and com- 
pass into n equal parts. See AbePs “ Oeuvres,** t. 1, p. 361. 

Page 10. Line 12. For “ standing ** read “ standing,*’ 

Page 12. Lines 6 and 7. For the words “An elliptic... a pseudo- 
elliptic integral ” read “ An elliptic integral which is expres- 
sible either as the logarithm of an algebraic function of the 
variable or as such a logarithm plus another algebraic func- 
tion of the variable is called a pseudo-elliptic integral.'' 

Page 13. The first article should be numbered 13A and not 13. 

Page 22, In the first line of Art. 25, substitute the word “frequent- 
ly ** for “ generally.** The Greek letter theta, in one form 
or another, is used to denote theta functions. The form B 
used here is almost invariably found in French and Italian 
publications. For more information on theta functions, see 
Appendix B. 

Page 32. Line 13. For^^g^'* read “gfg.** 

page 38. Line 8. For “ ad " read “ c«.’’ 

Page 54. Line 1. For “ Sielvek *’ read “ Siebeok.” 

Page 54. Line 2. For “ 54 ** read “ 57,** 

Page 57. Line 15 of the foot-note — 

For “ began '* read “ begun,** 
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Page 58. 

Line 11. For “ 

♦(yj)+*(»»>” »•«*<* 


Page 78. 

Line 7. For 

'( «. ) ” 

(t „ 

Page 82. 

First column of the table. For “ 1 ” 

read “ 


Do. 

For “ a ” 

read 


Do. 

For “ 3 ’’ 

reocf “ 

Page 83. 

Line 9. 

For “ 22 ” 

read “ 21.” 

Page 90. 

Line 4. 

For “a.,* ” 

read “ W*.” 

Page 91. 

Theorem (XI). 

For “ c, ” 

read “ c,*.” 

Page 95, 

Line 2 of the foot-note. For “ Q cos 27ri;,” read “ Q cos 2irn,,' 

Page 96. 

Line 6. 

For “0 V ” 

reo<J“ 0i> 








